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PREFACE. 



MO S T of the Trcatifes of fpherical Tri- 
gonometry^ that have been hitherto 
publiihed» contain only direftions for folving 
^berical Triangles (Logarithmically) by pro- 
portions; and none, that' I know of, hath 
unit^ the different folutions whereof Pro- 
blems in this part of the Mathematics are 
fufceptiWe. J^ow,' with a very little at- 
tention to the nature of the fubjeft, it will 
appear that the folutions may be of three 
kinds, vig. i*^, fuch as refpcft Analogies (of 
which kind are thofe given in all the com^ 
ipon Treatifes of fpherical Trigonometry) ; 
2^, fuch as are obtained by the fcale and 
compafs from ProjeSiions or Geometrical Con^ 
JiruBians^ and 3^, fuch as are deduced frcmi 
projedions by the application oi Algebra ^ 
sdl which will be treated of at large in the 
following Work, 

In the firft Chapter I have laid down the 
definitions and fundamental principles of 
Jines^ cqfinesy tangent Sf cotangents^ &c. in a 
great variety of particular formulae, as well 
as infinite feries. I have like wife inferted a 
fhort Theory upon the true nature of Imagi* 
naries (fince they haye been frequently uled 

in 
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'4^ thfe dW(t||ei(bi^^«f\cahMlatfaMifT£l«tti^ 
vb«Bd^$@ ^^M^tlehtHahfiMiQhoahr-ia^fiei^mjir, 




'3§^fepe<tfd8iJ^nd-i^''thofelGoatl£«ien,-jwi;ho 
- «riitfe<Aigftly?'ji'i '|«0ttfaa-«i(f I-dri;L'five>io Afiet. |%fl; 

''" J"IW tkexfediii^Ohfl^ted I(bayoiJ«ii*tolif dtfed 
^'^d>4^riridpal'ptJ(?pM»rie3Ji©T ^V''^'^-**^" 

< ^»^ /iiit^'\0^h/iihi6»<^pt«D 39 odxTtiflodp the 
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^ \&hglk '^aha^liogy for His demo^^a^iQiiL : x^r^ 
' (diiSbrent foiutidit^i t hrfvser i ^d^f lai 4ww»i^ 

4bi?fi^igHt-aQ^kii)i)n0ngksi ^ditM/a|i3e;tv^ 




^ ti»ee i ifidcs! t or » lhm«r ! lang^ jj ( T, feyefcal . o«h§r s 
%hloh Intake iKrHbdinejv > ^ad^w^bicb, wHfln 
^te|:^KjbdT' to Tighb-lmed ; ftidapgleg^, ffUr»Qifli; f¥s 
with folutions mucbfrnorCffcajfyrMmijiq^B^peri-- 
f>didi»JrtJifa[tt^nytt6l he wdt.Jwi^ irii4PWP^on 
-IJyttlitiifeariipbp Trigonomejfei?y.+rrjfDlrtithe)J|^ 
-StSiiwii cdirijplciterd^ the.1%-- 

^fkaibsjAbttogaeao^xittitordind^^ j( wbwh 

noit in 
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in the Coiirfe of Mr. Wolf J are given ; and 
fuch as carry along with them feveral other 
Theorems equally geberd, whereof Mr* 
Bimpfon hath ipecified Cqly particular c&fes. 
To this Seftion I have annexed three TaWes 
Containing ihk fuhflance of die whole Woirk# 
it leaft as far as the more ordinary pra.i3:lee 
extends, and have exprefled them^ in w^jfds 
inftead of letters/ that mifapprehehfions ^pd 
miftakes in calculations might be avoidecTas 
much as poflible. The firft Table is J6?r*fli« 
reiblutions of right-angled ipherical tria^igles^ 
4ind the fecond and third fot thofe of obli^pje- 
angled ones 5 but the laft is, by means of 
the analogies of ATf^/^r, equally applicable, to 
right-lined triangles, and may moreover have 
this advantage attending it ; that, on account 
cf the pcrfed: refemblance prevailing between 
the folutions of fimilar cafes of thefe two 
kinds of triangles, a perfon, previoufly ac- 
quainted with the proportions for plain tri*- 
angles, may learn tne principal parts of fpbe- 
rical Trigonometry in a quarter of an hour. 

As this Chapter contains all that is <Qf- 

fential and neceffary to the reiblution of fphe- 
rical triangles, they, who would make theiipr 
felves mailers of this part of Trigonometry 
only, may pafs from hehoe immediately to 
the fixth Chapter, in order to fee the method 
of putting its formulae into trf}garithttis. .. 

The third Chapter contains the Oeome- 
trical or Graphical folutions of the differeift 

cafes 
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cafes th'at had b^n before felyed by analo- • 
gies, I hav^, in preference to the reft, made 
ufe of the oriho^raphtc proje(5tions, whereof 
Aftronomers ^/uppofe at every inftant a com- 
pletie theory : r^owever, I have faid fome- 
thi^g upon thc^^r(f(?j[-r^^i/V prpjedtipns ^Ifo, 
on account of the great and frequeat ufc 

• which is m^d^ qf them in Maps ; and have, 
lailly, fubjoined a new folution qafily ap|^i- 
qable to the feveral cafes before fpecified, 
and deduced from the expanfion of the pgrts 
of the triangle under confideration. 

The fourth Chapter contains an applica- 
tion oi the Algebraical analyfis to the Geo- 
metrical conftrudtions in the preceding Chap- 
ter. In this part it is that, by the help of 
calculation, the folutions for all particular' 
cafes are (if I may be allowed the exprefSon) 
exhaufted. Moft of the analogies of the fe- 
cond Chapter are deduced from general cafes 
in this by fimple inferences : a variety of new 
formulae is added to thofe that had been be- 
fore given ; and the apparent difference be- 

. tween the fynthetic and analytic folutions for 
the fame cafes perfectly reconciled. And, 
that nothing might be wanting, I have ftiewn 
the method of conftrucfting the moft compli- 
cated, of the Tormulae by 'the Logarithms : 
after which I have given the fbl lit ions of 
equations of the fecond and third degree by 
the Tables oi^ fines y &c. ^ a thing that may 
brovc'to be of the greateft utility, when com- 

a menfurable 



hisf|!|-<fQap4 lifting, vthan'|h6^i?C€jlejEi<?fr;o£K 
his chara(^ter : to1limIlikewifeowe^t|^SIPI^V,^ 

tawi««v^;-M>pJi|§§f jftfti «^i til? ^^F|» .4T|alyf}jti | 
aii4/(fpb^f*^lcaPrigft»fiiftfilr^fiolMfti»t;^-fkjt?So 

' toi(figbfcTlS9g'i'JtlMRgJ$5§ I;to?^4vae4 (CfOH^if 

at ^ft, ii}t6n4/9d>/v ;^i\4, ijfl-4i!©i}?i^ pJsw;p*.h%y« ;, 
fu^(e|i%;..flw?i{liite(J;ith«iTfceory bby tht?// 

tlj^xi-pf' c<i)nftj,w^ifig by ith4ii,pgari!t;ha«s ^jj^fol 

ruons as appeared to him necefTary 'and conducive to ,tne 
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thai! 'Ffh6u}d'<li!^>1^e%^i|}ib i!i«:d}^erfl(bk i^edd' 
oi fei4ic»' Sfi' >^il^ift^itk0fti-iJ*i Kii^ulfite aflift- ' ' 

'Wii'^ W at)Ieni(^Yiltfl4fstJJ''^o#i%6ill-Wvte- 
fucceeded' iit<' 't»^ iSfignV 'fl§>j'allo> irf 'th^«iQ-; - 
cufiStJh ^iif ^ithe'bdieri parti<I<Sif JtSfe • Wd^kil I 

fliottldi ■itJbi6ffo^hd'^4efef*fengJo|f'»hfeir ttAeotoi*-' 

ragempi^t, if (hnU he- fn\}nwf^A hy fnnthcr 

par£ieulairl);<ii!t t^iis part of -.thelV^atheniAtjiosf'^ 

thatfph;fericd-'1^^6i&mfel!fy?s'a4^ritae€6u^^ 
applied : fQ^ .%h§ liO^tiipiUmBi^qi, .Didl^: hy^ 
lines are not fujSicieritly exadt to deferve any 
»^rf? a 2 certain 
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certain confidence ; and there hath been yet 
no Treatife upon Dialling pubUihed (that I 
know of ) .wherdn tli^ wljole hath been per- 
formbd by the calculation 4f fp^ricil^ trian- 
gles, though fuch method could not fail to 
prove of the utmoft importance in the prac- 
tice, as all the different''hour-ingles, which 
ase ufcfilly calculated by a feries of plain trif^'^ 
angles^ might'^vi^be^'^then feteVnlined wiAout' 
the leaft relati©H^b>!ieai*otlior/ i 
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C H A P. I. 

Containing the "Definitions and chief Properties of the 
feveral lines wkieh are ufually conjidered in Trigono- 
metry \ hut particularly of fuch as we fhall hav3 
more frequent occafion to mention in the courfe of this 
. H^ork. 

DEFINITIONS, 

Art. I. \ Right line MP, drawn from one 
±\^ end of an arc A M, or angle A C M^ 
perpendicularly to the radius which palTeth 
through the other end thereof, is called the Sine of 
fuch arc or angle. 

2. From this definition it is evident, that the 
fight line MQ^is the fine of the arc BM, th- 

B comT 



Fig. I 
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complement of the arc AM; but if this line bt 
confidcrcd v/ith relation to the arc AM, it is called 
its Cofine, 

3. A right line A'T perpendicular to the end of 
a radius^ and terminated by the radius produced 
which palleth through the other end M of an arc 
AM, is called the tangent of this arc. 

4. A right line B/, which is the tangent of the 
arc BM, the complement of AM, when conlider- 
ed with relation to thcfaid arc AM, is called its 
Cciargciit. 

5. The line intercepted between the centre 'of 
the circle and the tangent of an arch, is called the*S^- 
cant cf that arch : thus CT is the fecant of the arch 
AM, andC/ that of the arch BM : but if the y^- 
cantQt be 'confidered with relation to the arch 
AM, the complement of the arch BM whereunto 

^it belongs, it will be called the Cofecant thereof, 

6. That part of the radius contained between 
the circumference and fine of an arc, is called the 
'Verfed-fjie of fuch arc: thus AP is the verfedJtTfc 
of the arc AM ; BQ^that of the arc BM \ and ^P ' 
and iJQjthe verjed-f.nes of the obtufe angles ^CM, 
bCM. If the verfcd'fine BQ^be confidered as be- 
longing to an arc which is the complement of AM, 
with refpeft to the faid arch AM, it will be called 
the Coverfed-fne -, and contrarily, AP will be the 
xovcrfcdfine of the arch B M. 

COROLLARY. 

7. From thefe definitions it follows, that two ^ 
angles, which are the fupplenients to each other, 
have the hmtjineyccfiju^tangent^cotarigent.fecant^cofe^ 
cant^ and verfedfncs. It mud be oblerved however, 
that* the obtufe angle has for its complement the 
angle of its excefs above 90*^ •, which angle being 
evidently the fame with that v/hich the acute angle 
wants of 90^, mull of confcquencc be regarded as 



negative. 
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TRIGONOMETRY. f 

ADVERTISEMENT. 

8. In all the following parts of this work we 
fliall denote the' radius of the circle by R or r, unlefs 
we fuppofe it equal to unity ; which ought feldom 
to be done, that the homogeneity of the terms ia 
the calculations may be preferved as much as pof- 
fihlc. Wefhall alfo denote the Jtne of an arch by 
j/r». its co/tne by cof. its tangent by tang, its cotangent 

by cot. Its fecant by fee. its cofecant by cofec. its verfed- 
fine by verf-fin. and its coverfed-fine by coverfin : but 
in the algebraical expreflions we fhall put the fine 
^:r:j; cofinc'^c^ tangent^ t\ cotangent ^r-^ fecant ^=S\ 
€ofecant'=^f\verfed'fiiner=..v^ dinAcoverfed-fine^u., 

Th E O R E M I. 

9. Let any arch of a circle^ as A M, he ajfumedj 
(which we fhaU always denote by A), whereof PM Fig* \t 
is the fine ^ and M.Q^the cofiine\ AT the tangent ^ 

and B t the cotangents and the cofine of this arch will be 
to the fine J as radius is to the tangent j that is, Cof A 
ifin. A : : R : tang. A. " 

DEMONSTRATION. 

The fimilar triangles CPM and CAT give CP 
: P M : : C A : AT i or, C(2/: A :///. A : : R : tang. A. 
Q^ E. D, , . ■ 

Corollary I. 

10. The triangles C QM, C B ^ being alfo fimi- 
lar, will give CQj QM : : C B : B if ^ or. Sin. A : cafi 
A : : R : c^/, A. 

Corollary II, 
1 1. It follows . from hence, that tang. A = 

•^^ X R, and cot. A= ^^ x R ; or algebraically, 

S f C 1^ 

t=— , and T= —V and confequently, fin.AK 

R — cof. Ay^ tang. A, and cofA-^— — r~^* 

B a > CoROL* 
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Corollary III. 

12. Hence it again follows, that the cotangents 
of any number of arcs are always in the inverfe ra- 
tio of the tangents of thefe arcs -, fince wc have evi- 

ji s r cr s c . ^ ^ 

ciently, / : t : : — : — ::—:—•: in mort, tang. A 

R R 

will be = -j^ — J- ; or, tang. A x cot. A = R R 5 

whence we may perceive^ that the radius is a mean 
.proportional between the tangent of an arch and 
that of its complement -, a thing which might like- 
wife be eafily demonftrated by means of the fimi- 
lar tiriangles C A T, CB/f. 

Theorem II. 

13. Let the arch AM be jiill retained j andwejhall 
Tig* «• ^ifo have this proportion ; As radius is to twice thejine 

of the arch AM^ fo is the coftne of this arch to' th^ 
fine of twice the arch ; or, which is the fame, R : 2 
ftn. A:: cof. A :Jin. 2 A j or alternandoy R : cof.A 

: : 2 Jin. A :Jin. 2 A. 

DEMONSTRATION. 

The right-angled triangles APC, AQN, having 
"the angle at A com^mon, are fimilar, and give AC 
: C P : : A N or 2 PA : QJST ; that is to fay, R : 
cof A\\2 fin. A :Jin. 2 A. Q. E. Di 

If in like manner we would find an cxpreflion 
for the coftne of the double arch ; the fimilar tri- 
angles CP A, CQO, will give C A : C P : : C O : 
CQj from whence (after putting for CO its value 

drawn 
/ ^^^ 

* Or thus. Since cot. A= 7, and cot. B =: 



tang* a' ' W»f • B * 

"therefore we fhall have. Cot. A : cot. B : : , 7 : , h- 

tang, A tang, ts 
: : tang. B : tang. A. 

t For A T : C A : : C B : B/ ; or, tang. A : R : : R : cot. 
•A J wherefore, tatig, A x cot. A = R R. 
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drawn from CP — OP or its equal PT *), we 

ftall immediately get, C Q= -g • 

COROLLARY. 

14. It follows from hence {viz. by taking the pro- 
duft of the extremes and means in the proportion, 
R :cof. A : : 2 Jin. A \fin. 2 A,) that, \fin. 2 A rz^ 

cof. Ky^fin, A J • /• • • 1 • 

— — ^ ; and it m this equation we put 

:^^x_^±A for r^/ A, we fhall otherwife have, |>. 

ftituting for the cotangent its value in the tangent. 

Theorem IIL 

15. ^he radius is a mean proportional \ !«>, between 
the coCtne of an arch and its fecant ; and 2 "", between the ^'^g- 3* 

Jine of the fame arch and its cofecant ; and therefore 
we fliali have thefe two analogies -, CofA: R :,: R : 

fee. A, and Sin. A : R : : R : cofec. A. 

D E MO N S T R A T I O N. 

. The fimilar triangles CPM, CAT, andCB/ 
give i%CP:CA::.CM:CT-, or, C^?/ A : R : :' 
Hiifec.Ai and2^, PM: CM:: CB:C/; or. 
Sin. A :K::R: cofec. A. (^E. D. 



* That O P Is = P T, may be vtry cafily proved : for 
by letting fall the perpendicular PS, it will appear that 
fince AP =^ PN, therefore Q^ = S A, and coniequently 
O P == PT. This being granted, the value of C O will 
J>e obtained as follows : Since the angle CAT is right, 

PT or OP will be equal ii:*= ^.^IziSill, and CO 
CP CP 

r- P CA*— CP^ ^^ ^ A RR— fo/.^A ^a«/-^A-RR. 

C P "^ '?A A coJ.A ■ 

COROL* 



€- SPHERICAL 

CoROLLARy I. 

1 6. It follows from hence, that '^^— x R'^fanr. 

co/ec, A ^ 

A •, for we have already fcen in art. 1 1 that tang. 
A = -7-T X R -, and this quantity is by the prefent 

Ac A 
Theorem equal to the quotient "^ ' ^ multiplied by 

the radius. 

Corollary II. 

1 7. It moreover follows from hence, that the 
fnes of any two arcs, A and B,will be reciprocally 

praportional to the ccfecants of thefe arcs ; and the 
€oftnes to their fccants. For fince, cofec^ A z:^ 

RR R R 

•7, — r-, co[ec. B will alfo be = -— rr > likewife, lince 

Jcc. A = "^K-^ we fhall havey^r. B = T^Zb"' ^"^ 
confequently thefe two analogies ; Cof^c.A : cofec. B : : 

RR RR r T\ /• n in A/-T> 

7~-^ : c^ ^ : : Jin. B :^;/. A; and, Sec. A ly^r. U : : 
RR RR r^ ^ . 

Theorem IV. 

18. Let the arch A M artd its complement BM ^^ 
»- divided into two equal parts at the points K £2«<i k, and 

let the lines C K 1, C k L, be drawn till they meet the 
tangents AT and Btproducedj as far as necejfary^ tn 
1 and L \ and we ftiall by this means have, i^. Sec 
A = cot. X comp. A — tan^. A, and 2^, Cofec. A= 
re/, t A— r(?/. A. 

DEMONSTRATION. 

The right-angled triangles CB^ and CAL be- 
ing fimilar, on account of the parallels B^ and C A^ 
will have the angles ALC, B C^, equal ; but BC^ 
is = eC M, by conftruftion ; wherefore the triangle 
CTL is ifofceles, and confequently LT= C T ^ 

but 
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tut LT= A L — AT ; AL^ cot. \ ccmp. A M» 
and A T =^ tang. A M -, and therefore C 1\ or Stc^ 
A ~ cot. \ comp. A — tang. A. Q^ E, i ^. D- 

2, The right-angled triangles CAO and GB/ 
being (imilar, on account of the parallels C A and 
B/, will have the angles B/C and AGO equal j 
feut AGO is = MCO, by conftru^lion ; therefore 
the triangle C// is ifofceles, and the ccfecant CtiztJ: 
"but it is evident that //= B/ — B/ = coti r A — 
'Cci. A ; and confequently the Ccfecant Ct of the 
arch A M is equal to the fame quantity. (^ E« 
2^ D. 

Theorem V. 

19. Fr/im the point M to the extremities b and a of 
ihe diameters Bb, A a, let the Unes Mb, Ma, ie Fi^^j^ 
;drawn^ cutting the radii GA and GB in the points 
G and g; moreover let there be drawn thrmgh the 
fa^me point M the tangent fi M t, terminated hy the ra-- 
dii G'A and G B produced^ as far as neceffary^ at and 
T, and ly that means determining the Unes C © and C t 
refpeSively equal to thefecant and ccfecant of the arch 
A M •, then we (hall have, 1°, Sec. A = tang.h.-^ 
tang, t cmp. A, and 2 °, C^^:. A = cot. A + /^^/g** 
~ A. - 

DEMONSTRATION. 

The angle ^ M 0, which is formed by the tangent 

'M 6 and chord M h^ is meafured by half the arch 

MAi comprifed between its fides-, alfo the angle 

M Go, which hath its -^^xt^^ within the circum* 

ference, is meafured by half the fum of the arcs 

nh^ AM, contained between its fides-, but ^^ is 

=== A^, and therefore the angle MG equal to the 

angle GMe-, cbnfeqnently the triangle GfiM u 

ifofceles, and G d — M d =x tang. A, Moreover, the 

angle G ^ G, which is at the circumference, is only* 

half the angle BG M, which hath its vertex at the 

' centre and ftands upon the fame arc •, therefore, if 

Ave regard the radius G ^ as tt^c Hae total, G G will 

be 



' 
I 
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be the tangent of half the complement of the arch 
A M i and confequently, Sec. C fl = C G + G d ==: 
tang, ^ comp. A + tang. A f. Q^ E. i **. D. 

2^. We might prove cxaftly in the fame manner 
that/ ^ T = M T = cot. A, and C^ = tang, -j A ; 
but it is evident that C t = cofec. A ; and therefore 
we fhall have, Cofec. A = cot. A -j- tang. \ A. 

COROLLARY. 

10. By comparing the two cxpreffions of the 
fecants and cofecanis of the arch A M in the two 
preceding Theorems, it will follow; i^.that, cot. i 

comp. A — ^^^S' -^ ~ ^^^S' "I ^^^P' A + tang. A ; 
and 2°. that^ cot. ^ A — cot. A = cot. A + tang. -§• A : 
confequently we fhall likewife have, 2 tang. A =a: 
eot, I comp. A ' — tang, f comp. A j and, 2 cot. A ==5 
€ot. I A — ^ tang. { A ; and if for the cot. in the fe** 

cond member of each of thcfe equations there be 

R R 

fiibftituted its value j^ (art. 1 2 ), we fhall again 

have, tanz- A = - — ~^^^g' ycomp. ^^ ^ ^^^^ ^ ^ 

^ 2 tang. ^ comp. A 

~^^^&\ a> — from whence the two following 

2 tang, i A ^ 

analogies may be eafily deduced : 

I °^ As 2 "Tang. \ comp. A : R -f tang. \ comp. A : : 
R — tang, i comp. A : tang. A \ or, which is the 

fame, 2 tang. 45^ — i A : R -{- ^^^^- 45^ — f A : : 

R — Z^;?^. 45^ — i A : /^/ig'. A •, and 2 ^, as 2 Tang^ 
4 A : R -t tang, i A : : R — tang. ;- A : cot. A. 

Theorem 



f Other*wife thus. Becaufc in the right-angled triangle G | 
M <?, tlie angle C M is the complement of the angle C M, 1 
or its equal C B, and likewife the angle c C 9 is the comple- 
ment of the fame angle « C B to the right angle 6 C B 5 
therefore the angles 6^C and OC* will be equal, and con-» 
fcquently fi C, ox &tf. A =: J « ?: 6 M+ M a = tang. A + tang^m 
\ €omp. A* 
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Theorem VI. ' 

2 1. Let there ftill be an arch AM defcribed with a 
tadius C, A i and we fhall have (by making the ra- /",>. ^J 

dius unity) j 1°, i +^4/1 A = 2 fo/:* | A=^?:^. 
and 20, I . — ri^/ A = 2 ftnJ* \ A =r^». A x tang^ 

DEMONSTRATION. 

Firft, let there be drawn through the extremi- 
ties B and M of the diaijieter AB and chord AM, 
the chord BLM, terminated by the tangent of 
the arch AM at the point T ; then let there be 
drawn through the centre C the right lines C K and 
CL refpedively parallel to the right lines BM 
and AM ; and it is evident that AT will be twice 
the tangent^ and CD or ML or LB the cofihcj of 
half the arch AM. 

This bein^ premifed, the fimilar triangles B L C, 
BPM, wiUgive^BC : BL : : BM : BP : : 2BL : 

B I* ; wherefore, B P = ^-^-^^ •, that is to fay, i + 

cof. A'=- 2 cof^ \ A. In like manner, on account 
of the fimilar triangles CLB and APM, we ftiall 
have, CB i CL : f AM t APi and therefore AP= 

2AD 



__ ,(becaufe AM= a AD or aDMor 2CL); 

that is, I — cof. A = 2/».* \ A.Q^E. i". D. 

2. From the fimilar triangles APM, BAT, and 
BPM, we Ihall get thefe two proportions ; B P: 
P M : i BA : AT ; or, i+«/- A '.fin. A 2 : 2 R : 
2 tang i A ; and PM : AP : : AB : AT; or* fin. 
A : 1 — cof. A : : 2 R : 2 tang. \ A : therefore, 1+ 

■ '*M<^^^1a5 a"d, t~-cofiK = ^ * 

Q, E. i**. D. 

C COROL- 
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COROLLARY. 

22. It follows from hence, that ^ . \ ^ =r' 

2/^.* i A _^ //i» g.* i A i4-fg/ A ^'cot,'*' I: A 

77o/.^^ A — RR ' ^^^» i-^fo/. A "^ RR ^ 

.and it likewife follows, by putting V and v for the 
verfed'Jines A P and B P of ^ the arch A M, that 

V=-^^— g^ ; and, vzn g ; or, ^-^-fm* 

1/R 

^ A ; and, — zzcof.^ ^ A. — Moreover, if the arch 

MG, the complement of AM, he called A, we 
fhall get fixxm the fimilar triangles AMP, MP B, 
and AMB, the following formute*; R+/?«. A= 

2/».* 45'^4-iA; R— /fa.A =2/t».* 45g.— XA, 
and, R_^„_ ^ -^^^ 45»_iA * 

P R O B I E M I. 

-^'i"- 5- 23, ^»jy /^^ afrcs^KMand Ali^heing given; to find 
the fine ef their fiim and difference. 

SOLUTION. 

Let the greater arc be denoted' by A, and the lefs 
by B : let the ^;7^ MP of the greater arc A M be 
produced till it meet the radius CN, which pafles 

through 



* The proportions, from whence thefe formula are de- 
lived, are^ AB : BM : : BM ; P B ; an d, AB ;AM::AM 

: APj or, 2R: 2f<7/:45^--| A::2re/:45<'— iA:R+/-».A; 

ind, 2 R : 2/». /^^^^\A : : 2/ff, 45^ — \ A : R —fin\ A. 
But thefe formulae may be otherwife obtained by a fimple 
change of the expreffions, i -h cof, A = 2 ccJJ^ \ A, and, 1 — 

cof, A=2/';?.* I A ; into, i +•/». A 1=2 cof,'^— =: zfenJ*^ 

45''+ i-A, and; I — /«. A =: 2>/.* 45'— } Ar 
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through the extremity of the lefs arc, in the point 
R •, and perpendicular to the fame radius let the 
risht line ML, (which will be thtftne of the fum 
of the arcs AM and AN), be fuppofed to be 
drawn. Then the fmiilar triangles CQN, CPR, 
willgive, C Q^: QN:: eP:PR; or, f^/ B : 

>. B : : cof. A : PR=: ''^^ ^/"'^ ; therefore RM 

" •' cof, JtS 

—Jin. A+ r^ : moreover, the fimilar trian- 
gles N QC, R L M, will give, N C : QC : : M R : 

ML; or, Ricof.B:: fin. A + ' .3 — \fin. 

2. In order to find the fine of the difference of 
two arcs •, we fhall now regard M N as the greater, 
which we have called A, and the arc AN as the 
kfs, which we fhall ftill denote by B. This being 
fuppofed, the fimilar triangles C QN, CLO, give, 
CQjQN::CL:LO; ov, cof.'Q: fm. B::cof.A 

: LO=:-^^ — yi — 9 therefore O M =>. A — - 

7^ — : moreover, on account of the fimilar 

triangles M PO, CQN, we fhall have, CN : CQ^ 

: : O M : P.M i or, R : cof. B : ifin.h— ^^f^'^ 

r ~s tj f^"- Ax ca/.B — co/, A Xjit, B _. „ . ^ 

;/«. A — B =^-^ — g— ^^ ^ Q^E.iM. 

P & O B L E M II. 

24. To find the cofme of^ the fum and difference of Fig. 5, 
any two arcs ^ A end B. 

SOLUTION. 

The triangles CQN, MPO, being fimilar, 
(fince the fides of the one are perpendicular to 

C 2 " ' ; thole 
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thofe of the other), we fh^ll have, CQj QN j j 
M P : P O } or, «/ B :>. B : :/». A : PO = 

&^» , Aerrforc CO - c./: A-^^^^ : 
but on account of the fimilar triangles CQN, 
C LQ, we likewife have, CN : C Qj : CO : C Lj 

o r, R : cof. B : : cof. A — ^^/j^ ■ : r^/ A + B ^ 

2. If we pow regard the arc M N as A, and the 
arc A N as B ; it is evident that C P will be the 
cofine of their difference. This being granted, the 
fimilar triangles CQN, MLR, will give, CQj 
QN : : M L : L R ; or, f^/ B :fm. B : \Jin. A : LR 
^ >.A><>.B ^j^^j.^f^j.^ C R, or C L +L Jl = cof. 

A ^-"^ r^-^ — : moreover, on account or the u- 

cof. o 

milar triangles C QN, C P R, we fhall have, CN : 
CQ^: : R C : C P ; or, R <cof. B : : rt?/ A + 

fin. Ay.fin.'B r \ h V- AXf^/ B4-/». AX>>B ^ 
^ ~ : cof: A — i>= R • 

Q^E, 2^. L 

Corollary !• 

25, From the formute which we have invcfti- 
gated in the two laft Problems,, the following 
proportions will manifeftly arife ; 

Sin. A+B xftn. A— B : iftn. A^cof B+cofA>^fn. 
B : fn. Ax cof B—cof A>^J!n. B, and Ce?/ A+B: 
cof A— B : : cofAxcof B— /». Ax/».B : cofA>^ 
fof B+Jin. A xjin. B; and if the two laft terms in 
the firft proportion be divided by cof Axr<?/'B, 
^nd the two laft in the fecond proportion by cof 
Ay^ fm. B ; we fhall get, (after fubftituting for the 
quotients their equal values in the tangents and co- 
mments given in art, 1 1 ,) th efc two analogies \ 
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Sin. A+B :/». A— B : : fang, h-^ tang. B : tang^ 
A — tang. B, and Ce?/ A+B : cof. A — B : : cot. 
B — tang. A : r^^/. B4- /^»g-. A : : cot. A — tang. B : 

^:(?/. A-^tang. B. It is fcarcely neceflary to 

obferve, that thefe proportions might be written 
und^r the form of an equation. 

Corollary II. 



26. Since we have, cof. A+B : cof. A— B : : 
^pf. Axcof. B—Jin. K^fm. B : cofAx^cofB + fiM. 
Ay^ftn. B\ ; it follows, that we fhall alfo have by 

one fubtraSiion^ cof A — B — cof A+B ^ iftn. Ax 
Jin. B \ and by one addition^ cof. A+B + cof A — B 

z=:^2 cof A%C0f.B. 

In like manner from the proportion, fin. A+B: 

Jin. A— B : \ftn. A>^cof B-^cof Ay^fm.B:fm.A 
y.cof. B — xof Ay^ftn. BJ, we fliall find by one 

addition znd fubtra£iion^ thzt^ ^n. A-^ B\- /in. A — B 
= % fin. Ay^ cof.B^', and, fin. A+B— fin. A — B= 
2 cof A^fin. B ; and therefore, if we colled: thefe 
feveral exprcffions and divide them by 2, wc 

fliall get ^^^ ^ 

Sin. A yftn.B^ co/.K^^^co/.A+B ^^ ^^^^^^^ ^ 

X cof B =- :Cof A^ cof B=9 

CO/. A + ^ + cof. A:ri . ajjj^ ^^y- ^ x>. B = 

2 



fin. A4-B -^fm.A^^ 

2 • COROL- 



J Should any difficulty arife with refped to the equations 
deduced from thefe analogies, it will immediately vanifli up';a 
confidering, that as both the antecedents and confequents in 
each are equal, the fum or diflercnce of the ift and 2d term^ 
mufl neceilarily be equal to the fum or difference of the jd 
and 4th. 
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Corollary III, 

27. Hence it again follows, that if we know the 
fmes and defines of all the arcs below 30^, we fhall 

be able to get th^Jines and ccfines of all the arcs 
above 30^ to 60^ by fubtraftion only ; and there- 
fore, if by this method we compute thtjines and 
coftnes to 45^, we (hall have all thtjines and cqfines 
to 90°; fince the cqfine of an arc below 45^ is the 
fine of an arc as much above 45^. But that the 
truth of this Corollary may be clearly apprehended, 
it muftbeobferved, that thejineof^oo being half the 

chord of 60^ will be equal to—; and therefore if we 
make A =30^, Jin. Ax Jin. B will be equal to 
Ry^^c./.T=B^c^.^ , and confequently, Rx 

^n.B=cof. go^-B - cof. 30^+B ; or, cof. 30^+B 
;^co/. 30^ — B— /;/. B : from whence cof. go^Tfi 
will become known, fince B is known by the hy- 
pothefis, and lefs than 30*?. In like manner, fince 

J!n.Ay<cof.B^ >■ A:i^+>. A=:b^ welhallfind, cof 

B ==/?». 3o^-!-B+//^. 30^ — B'f and, ^;/. 30^+8 == 

cof. B — ^y?«.3oo— B : therefore it is manifeft that 
the Tables of fmes and cojines may be eafily calcu- 
lated from this Corollary. 

Corollary IV. 

28. If we fuppofe the arc B fucceflively equal ta 
A, 2 A, ^A, &c. the7?»^of the arc A to be al- 
ways denoted by j, and its cofme by f, and the ex- 
preffions of the Jines of multiple arcs in Jines and 
coJines to be repreferited hy Jin. A, ^n. 2 A, Jin. 3 A, 
Jin, 4 A — -/;^* » A, it will be eafy to conftruft 

the 
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the following Tables by means of the formula in 
Prob.i. Sin. A'^B=/m. Ax^cojl B+cof. Axjin. B. 



Sin, 2 A = 2 r */rr—-cc. 

_ • , . II » 

Sin. 3 Az=: 4.CC — I X ^ /rr-'Cc . 
Sin.4.A= 8^^— 4^x s/rr — cc. 



Sin. s^^iSc"^ — i2c*+i^ ^^^ — ^^* 



Sin. 6A:=:^2 f^ — 32 c^ + 6c X ^rr — cc. 
Sin. yAr=:64c^ — 8of*+24r*r— ix/rr — cc. 
Sin. 8A=i28r — 192^^+80^' — iocX\^rr — ec. 

OR, 

'*\-Sin.A=:s. 

Sin. 2 A :=2 J ^^rr — ss. 
&>.\3A— 3J— 4J^ 



Sin. 4A— 4f— 8^'x v^rr — ss. 

Sin. 5 A— 5s — 2oj^ + i6^'. 

Sin. 6 A— 6s — 32j^+32j'x/rr— jx* 

Sin. yA-^ys — 56^^4-1 1 2 j^ — 64J^, 



^■" 



5/;^. 8A=8j—8o/'+i92j' — i28j'' xvrr—^/. 
^S/^-pA^pj— 120 j^-f 432 j'— 576/^4-256^'. 

It is eafy to perceive that all theterms of thefe 
equations might be rendered homoger^eous, by 
fubftituting therein the different powers of the 
radius*or^;^i? total, which we have not thought ne- 
ceflary to be fpecified. It is likewife evident that 
the firft Table expre'fles x\\q fines of multiple arcs 

in 



f See Maferes\ Trigonometry* 



/ 
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in cojinesy and the fecond mjinesy of the fimple arc. 
— But that thefe equations may have all the 
generality, .wl-ddiv^tis poflible to give them, we 
•fealt&bjein the? following ^neral formute for 
theF two Tables ^lobfemng^ that, the .fecon4 Table 
inufl: have tsRScgencral formulae to exprefe it, fince 
^^y_"^/4s -fimitd -in all the terms of the evcii, 
''-btrt not in tiof^^f the odd, .ranks. As to the 
nrethod^^' &*difig thefe formulas, it is deduced 
from the confideration of the coefficients and ex- 
ponents of the feveral terms- 

A. General formula for thefirft Tabliy n being atrf 

number whatever, ^> 

Sin. » A = (2"^'^ c^-^ >- n^ x z"^^ c^^ + 

^X^^X^X«-<< 2««9 ^-9^&c.) y^rt—cc. 
' 1.2.3.4 

B. Firft general formula for the fecond ^abUy n ^tf- 
Itf^ ^2»y ^^^ number. 

Sm* » A=^»x- — ^ ^ i ^ ^ ^ ^ ^ -^ ^ 

. 1.2. 3 i*2. 3. 4.5 

*- - — *■ ■ - 

jrX»»— iX««— 9X«.<?i— 2<; f7 I Jirp 

1.2.3.4.5.6.7 

* C. Second general formula for the fame Table>, n ^^- 
/»^ atry even number. 

1.2. Q 1.2.3.4-5 

5 »X«»— 4X««— i6x«»— 36 7 , , ryn-^t 

«)x V'Frll}?-" ' .^-. . 

■** .iH— . «• |# "■ .— _ . - - .' ■ . 

-'" ': CoROL- 
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Corollary V, 

29. Moreover, if wcftill fuppofe the arc B fuc- 
ccffirdy equal to A,2A,3A,4A, &c. &o &c. and 
proceed in a fimilar manner with the formula o£ 
the cqfine of the fum of two arcs, found vaProhYi. 
we (hall again form the two following Tables ; 
one of which exprefles the c^fines of muTdple arcs 
in tufintSy and the other xn fines of the fimple arc. 

Cof. A«=r, 

Cof. 2 A««2rV— I. 

Co/. 3 A«4r^— 3r. 

Cof. ji.A^Sc^-Sc'^+j. 

Co/. 5 A=i6c5— 20^3+5^. 

C^/ 6 A=-32^6-48^i8^-i. 

Ci?/! 7 A »=(J4r7-. 1 1 2^5+56^3-^7^, 

OR, 



C^/ A —'Jrr—ss. 
WT 2A=: — 2 jj + rn 



Co/ 4A= 8j^--8j^+i. 

Co/ sk^i6s* — i2^*+ixVrr^— jj. 

C^Jc 6 A=: — 32/+4gj^— ^i8j*-fi> ^ 

Co/ 7 A—— 64 j^ 80 /♦ — 24i* + ly^'/rr—ss. 

D, General /ormula /or ihe firfiTahky nbeir^atrf 

number whatever. . . 



X: 2.3. 4 • 
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- . . If: the arc denoted by A be obcufe, its cqfint 
becomes negative, ancl ^hen all the formula wherc- 
irtthc Xtxi^'c is invftlvp4 to .odd ppw^rs^ change 
ihfcir ^ju; -a3 vjili lik/&>¥ij'c the tefflDs of the gcr 



T ' » »• 



. 3ci,Cit^cml.ftt,m^fiirjkefec<fHd Telle ^n king anj 
»-3X^— 4 ^,-5 j»-5 -gee) y^xTf^ZiJ. 

1.3. • • 

G. Genercl fcrmula for the fame Tcbki liben n /V 
any even number. 

• 

y—i Cof. mA— +. 2^^' J'' ^T/rr* 2"^3 J'^? + 

1.2 X.2,.t ^^ 

The higher fi^ns take pjace m the firft fturou^a^ 
when n is one ot the odd nirmbers j^ 5^ 9^ 1 g, &c^ 
and the Jowtr figris^ when ic iisone of the numbers- 

In like na»naeir;ii» ik^ &cond formula die higher 
fign^ prevail* isli^lL...^be 'ntitjibers. arc evenly 
even ; tod^ the lower figns; when- they aye cveijly 

SCHOLIUM. 
' 30. We hiignt hoxv' proceed to deduce from 

t^?^«f9r582iDS K^.?^^^l%SJ?*J^> f<;veraJl Uiifful and 
MtJportajBi tfuthV concerning 'tic ttan»irc of the 
}fm^.Qi ffj ^^^ ^^ ixfjggEm^ .by j^aa means to^ 
extend our >Vo3cjjQttbolgVcat a lirngth^We (hiJl re- 
fer our readers ^0 :iJbLfe Mrks;^J^r> £y&r»whctc this 
matter is frar aiif^^fedl!tmly4riii\(iied •,• andf>nlY 
•-t G • apply 



-Ijtpi^ly them to tfit theA-y'of |>dw^rs bf ttie7?m arfcl 
* <r^3«?i,iW^«vvi&iPfobrcilris /thcTirft of which a^iiiref;, 

-iHts B^priffioH-^ j9Hts' and ufim'of tbefmfh-drc'mnl 

, ^l^fe/^/«T;**4ndthe fecdf^ ^ t hie bare fptkrificd'twin 

•-s^heree^f Viil'be fitfficiertt),. ^^'To ex-prefs'^hej^he cr 

-'j6iXtnS'0f'hf41kUlMpU iifc iy'^ji)^ycf th&h^ tcpie 

^f tbejimple arc*^' Theater m«lse, wJjic4 Mr/t£/f/fr 

Jiath given upon this theory, he dediiceci 'fron* 

thofe mart. ^6 \ but tp us' it appears, . tllat fhcy 

are much more eafil^ deducible from tlie prcccd- 

iog formulae. V 

• ^ •.....■ • ■ : • '. . . . : 

•. - » • • - 

P R O B L EM III. 

."31. ?f m^fi-^SiV)tr,s. of the. ^ne cnd^^};e, ^ any 
Wir by fines ^nd cofines dftmsttir^ ^.nd its miUipl^. ^ 

S O L U TIO.K. . ■- ? 

This Probletncohfifts of two parts, oneTfirthc 

•jifiw^j-and ^h? other for the- cq/Im \ hut the fdriiiii- 

lai whlch^we .Ihan firft iriVettlgate, Ihall be thofe 

"^mck may conitain ^he Aralue^W the powers of the 

Jmes^ and this 'we iHall do "by means or thtx two 

laft r'abks in Ctr^7. IV* :'and*V. wh'treih thfe* relter*^ 

;was fiapppfcc} to vdenote thd '>^^ of the fim^ie^afc! 

iSTowk will apptw.^kh.ayieTy little corijricVc^aKjbrt, 

^hat'the terms of the odd faYilcs of tffe'fccoiYd'Td- 

*BIe in ^r/. 2^ yifill -give the values c5ftH^ 6cid pcVv- 

ers pf the letter ^r^ awidthe terms of the even riihks 

ih the recondVl'ablc ot' Cir^//^^^ t1rbf« 6f^k^ 

^yen powers i after ^xterriiinatiifig fach '^b\*k*«'V^ 

jnay be found in the lad tci^tns.-i ^ . Tildas i\qi!t^Jin. 

Af^^,: we gei:,y^i:A=/». A^V^i^lfo frOhi'^tliee^lia- 

tiori, ^ccf. 2, A=s='----:2 j*-^>V^ jwe vget, zJhrJ A^ 

iTr — r(7/.-2 A: aga:i>, fi®nvH^CLcquatrMT,;j5i?/^^ 

= •2^ — 4-^:i in "the fecond ;Tabter gf ^C^/T?; fV. 



\» 
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deduce, ^JtH.^h^'^Jbi.h — Ji»*iAi\ likewise 
from, cof. 4 A=8>i/ -^6 Jin. * +i, in the fecond 
Table oiCoroL V. we (hall get, S/n/ A «* r*/ 4 A 
+ 8 y?;;.* A — I = cof. 4 A — 4 cof. 2 A+3, by fub- 
ftituting for .8 J.* A its value, 4rf — 4 cof 2 A, 
as obtained from the above equation, 27&1.* A=rr 
— cof 2 A : and by'purfuihg this procefs, the fol* 
lowing Table will be eafily formed. 

4 ^'/w. ? A=: 3jf/r.. A—fn. 3 A# . 
8 i^/W.* Ar=3— 4 r^. 2 A'+re/'. 4 A. 
16 ^iff.' A==io^«. A — syfff- 3 A-^Jift. 5 A. 
2,^Sini^ A5s*JO-*-t5 ^e/^2 A-l-6rtf/'4 A— rt/6 A. 
64 5i«.' A=: 35>fiv. A.'^t\fin..i A-4- 7/«. 5-A--/ft», 7 A. 
i28^/>,«A=:3$--S$fe/-?A + 28ri2/:4A-r?re/:6AH-fC/^8A. 
2565/;f.'A=:xa6/?«.A-^84/7».3A+36/f«.5A— 2^^ 

In the above Table it is manifcft, that the odd 
powers of the fine of the arc A ate^all exprefled in 
Jines^ biit its even poWersin cojinesy of its muldple 
arcs. The law of the coeMcients is Tikewife very 
obfcrvable, being evidently t1\e fame with that of 
the coefficients of a binomial raifed to each of the 
powers ; except that in the even powers the ab- 
ftraft number, which is not multiplied by a cojtne^ 
of A, is only half the coefficient orthe correfpond- 
ing term in the like power of the binomial. Hence 
it will appear, that in order to exprefs this Table 
of powers, we muft neceflarily have two general 
formulas. 

H. Firft general formula for the powers of Jin. A 
when nis oddj- beginning at the lafi Terms of the Table. 



fiL^»&«.«A=i>.^ A -+• nfm. «— 2 A±^^ 

1 • 



2 



K. Se- 



J 
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K. Second^eneralfarmula for the powers of the fdmi 
Jine^ when n is any even number. ' 

• 2»-» Sin? h = i cof.nK-^-ncof.n — 2 A.j^ 



!• 2 " 1.2. 



• . + i X 73 coJloA. 

J. 2. Q C5c. •' 



Each of the two preceding formulae, h^th two 
figns ; and of thefe the upper muft be tifcd» when 
» is an odd dumber and equal to 4?»-f i j butttie 
lower, when it is equal to j^m-rrii h rcpre- 
fcnting any number whatever. — -*— In like manner, 
the higher figns muft be ufed ift the fccbrid for- 
mula, when n is equal to 4 w, ^ denbtir^g any-nufmr: 
ber at pleafure; but the lower figns, when n is equal 
to 2 »i, and m any. odd number^: • ^ .* 

32. Now in the fecond place, tp find aTfimilar. 
formula for the fucceffive powers of the y/j/w^ of^ 
any arc, we muft apply ;<he firft Table oiCorol.N^. 
exactly in the ..fame manner as, we before applied^ 
the two laft Tables of Cor oh IV. andV. and wc, 
ffiall by that means eafilyform the fubfequeru- 
Table; ..-,.. 

Cof. h-cof.A. ' .V- -. .', •- 

2 Cof.^ A^i+cof.2 A. , 

4 Co/.^ A^^cof. A-^-tof. .3 A. 

8 G?/* A=3+4 /<?/ 2 A-^-cof. j\, A. / -- 

16 CofJ A^ 10 co/.A-jt- 5 cof. ^ A+cof. 5 A> 
' 32 Cop A= I04-1 5 cof. 2 A+6 ccf,\A-\-cpfi, 6Ai 
• 64C^/^A=35f(?/A+2ir^/3A+7.rei:5A+ . 

Then if we regard the laft term -5 of tlifefe equati- 
ons as the firft; or which is t;h^ fame, take them 
all backwards, we fhall readily obtain the follow-' 
ing general formula ; ' \ ^^ 
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<|X<|— I 



I. ^ ^' • ^ ' 1. e.-3 ■ ■• •• 






accordina as.» is anTeven or odd oumbci', 

...SCHOLIUM 

5^. prfcwgji; Ave ' hciv^ the coa- 

Veric.of.thc.lall Prpble'nu yet. as it^wiil adhiic of 
other ^^ercnt loluttons, iby taking jtlie equations 
of the T.aWe in tirt^i^o am 219, baclcwards, an^ 
ieekinff-xhc lawjiof their tenw* \vc -flikll likewife 
sivc thelc iolutions, . . . ^ : ...... 

p n o ,«.i, E M~ n... ,-. 

. . 3-4; ^ifirid gfn&t'el\fctmulte fcr tnHfisfa^tr^ fie 
€f' the fM ^r iC^f^nt of ibc^Jtmfk a]c. :-.'•.;. 

s o,L tr>jr i.o Nc . 

This Pi:oblem , corififta of fin^iai parte ^^ Ttlft^ if 
the Jtne of a multiple arc be given, it is ipan^ft 
that it may be expreffcd \n jfmes oyx^cfine^^ according 
as we make ufe of the^'fcfoiut op ftrft Table in 
€zr/.2 8: it is likcwifejcviclent^thatin boU^ cHdc cafes 
different formwlat will bc'requifitc, accondinjas we 
begin the ieries by the firll or lift ternie j;s»d that 
in th« tliirdj)lace,whe«wcbcgijfitbefcnesfi^ 
' terms, tlicgencrd formulas will again oc different, 
acc6rdinf:^ aS (he huiflbtr n is ev^n^or odd- Now if 
we fupppfc, the fcries.to.begia by the 6rft t^rtps, 
and it -be reqiure^TtoexprcTs muluplcj^^ in pow- 
ers ofiiie iqfine of the fiihplfe arc, th^- fbrrifHila • A* : 
in art:ii wiHiblve rhcProblefn; Whetlier/^feprc- 
ieiits on evca or odd number ; nvhrHV' the 'form utfc 

B and 



^ i* - 



B and C in? tJie feme artide will give the general 
▼allies of multiple yf»^j in powers of the Jtne of the 
fimplc arc, yiaj. ]8 when n is a»y odd nurpber, and 
C when it is an even one : btit the general formu- 
lae for QKiMTciTjng multiple 7&iiii^ia powefsof the^ii« 
of the fiiTTple: arc, . when the ferips ac^ fupppjfcd to 
begin by the laft terms, remain ilirll to be obtained ; 
andithefe.w^tiinjaDifeiJiy be.two, oric for irwhea 
eyeo, and the other for it when i^ld. 

• # .* » ■ 

M. Gen€if72iforj%uld for reducing anf multiple Jtneintir^ 
ffimers jof ih^Qhfi, of the fit»pk ^U ^ ^^^ ^ e^en^ 
number. • . . . , 



I 8 

I ^^ 

I 






*v*y ' : * . • V 2?. 3 



• • . ♦ . •.■...'•. 

N. Gemral fmmuia far reducing a mniiifie'fin^ 
ii(t$^.p$wers ef.thjine. tf thejmpk arc^ n bdngc any.. 

Sin. n X ='?' 2*-:*' j^ + '» X 2,**"-3' /— » '^^ 

I 
I 



K »i, g». 4 • .' " *'-.w ^ ' '■ ^trr^-: ^»' • i, , - . • • .. ..; 

!► Z. 3. 4, ^ 



.',•»: '. 



'**t; ! 



^ O* Gemr(iiy</rmdd'^firMikhtg^^'a^ 

wt9:^$wers 6f ^ec<$nt^fi}iif^ear^y n bjsingitij 



* . * *. « • 
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'^y: » A = 1- r» + 77 r— * cop A^. *' ^"'~* 




1. a. 3. 4 



r-* cof.^ A + ** ^ "'-*^ "' - "^ y*~< «/' A+ 

•^ ^ 1.2. 3. 4.5.6 ^ — 



»*X« 



— 2 — — ^ ^»— s cof.K^ err. 



r 

P. General formula for n, w/^«r ^/ry ^di/ m»- 



. Cof,nK-± nr«-^ eof. K+^^^L^ZX r*-3 cp A 

1. 2. 3 

_^ BX«^-lX«*'-9 ,^t f ^r ' A 7 «X«r»— lXl*^9X«r*— a s 
I. 2. 3. 4< 5 1. 2. 3. 4. $. 6. 7 

f*— 7 f^' A + ^>>?^— I X;?^— 9X»^— 25Xg^'-"49 y.11-^ 

1. 2.3. 4.5.6. 7- 8. 9 

^' A Hh ^C. 

Thefe two laft formulae are cafily deduced from 
the firft Table of CproL V. {art. i^\ by obferv- 
ing the law of the coefficients for the terms of the 
even and odd ranks. — In the firft formula M of the 
fiTM^ the higher figns muft be taken when n is any 
of the even numbers denoted by 4 iw, and m any 
number at pleafure -, but the lower figns, when it 
is any of tne numbers reprefented by 2 nty and m 
any odd number. — In like manner, in the fecond 
formula N, the higlier figns muft be ufed for all 
the odd numbers denoted by \m — i ; and th^ 
lowerfor thofe reprefented by 4 w4-i ; m being'any 
number whatever. We may - moreover eafily 
perceive^ that in theF third feries O the cojint will 
be pofitive or negative, according as n is equal to 
dif^moT 7,m\ ^ being any number at pleafure in 
the firft cafe, and any odd one in the fecond ; and 
that laftly, when n is odd, the cofine will be pofitiy,e, 
or negative, according as n is equal to 4«»-}-i, or 

Of 



TRIGONOMETRY- ^5 

Of the ufe of imaginary FaSors in the theory pf Sines 

and Cojines. 

35. All the fcries, which we have hitherto giv- 
en, were obtained by iirlmediate dedudion from the 
.two Problem?. concerning the7?»^'and cofme of the 
funi and difference of any two arcs, by fuppofing 
thefe arcs to be equal : but there are feveral other 
methods flill remaining whereby feries of a dif- 
ferent nature from the foregoing may be difcover- 
ed •, of which we fhall however only fubjoin that 
wherein imaginary FaSiors are concerned 5 not be- 
caufe we deem expreflions abfurd in themfelves to 
be preferable to others, but becaufe they may 
.fotnetimes prove peculiarly ferviceable in the 
abridgement of calculations, and the difcovery of 
important truths. 

P R O B L E M V. 

3 6. To find the FaSiors of the fum of two fquareSy ay 
a af-b b 5 or^ which is. the fame ^ to dif cover how a and 
h muft be combined by multiplication^ fo that their pro- 
dtiSl may be^ 2l a+b b. 

S L U T I O N. 

Let A and B be the indeterminate quantities, 
which ought to affect the roots, ^ and ^, of the 
Iquares^, io that their prpducft may,be^^-|-^i, and^ 
let us fuppofe the Faftprs- to be, ^+A b and ^B -H^. 
1 hen multiplying thefe ,two Fadors together wc 
Ihall get, aa^ + ai Al&'^k+'Iibb^aa-^'bb ':, and 
if we compare the terg^s of this equation together^; 
and fuppofe aa^:==^ a;^ 'fit Abi^J?b^ vit Ihali fiiid 
B and A to be each,c;;j *:Trom whence it is eafily^ 
inferred, that if the, ^quantities A and B are pofli- 
ble,A muft be equal to B, and AB^AA— BB: 
but fmce in the fum aa-^bb the term ab is waiting, 

E it 
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• it neceflarily follows that, ah+ab AB; or, ai^d 
'a A, or, ^H^^BB, muft berro-, that h to fay, 
AA+i or BB+i — o; which is impofliblc, fince 
we have already feen that A A or BB=^ i : thercfoit 
the Faftors cannot have the form fuppofed ; arf 
confcquently the affumcd quantity cannot be re- 
folved into Faftors j or, which is the fame, is m 
a produft of the qnantitfes a and b in whatever 
manner they may be combined. However, if we 
would folve the equations, AA+i— o and BB-fi 
= 0, notwithftariding the abfurdity they imply, as 
before obferved j we Ihall have, A A or BB=: — i^ 

and by extrafting the roots, A=^+;v^ — i, and B::^ 

j+y — I. Thefe expfeflions therefore, which Gc- 

.ometers have called imaginary, are not any real 

quantities^ but only figns of an abfurd fuppofition^ 

•wherein we regard that as the produft of two 

quantities which in reality is not : ne'verthelefs as 

'thefe figns may have their ufe, no juft reafon can 

be alledged why they fhould not be employed in 

'calculations -, and if fo^ the imaginary Faftors of 

aa-^-bb will be, a + bVZZl and a — ^VHT •, or, 
b+a V — I and b — av — i, or, tr-j-}-^ v — i and 
— ^ — b v^ — I. Q^ E. I. . 

SCHOLIUM. 

37. But though we have faid above that aa-l-bi 
cannot be a product of the quantities a and b^ yet 
it may perhaps be afked whether it be not pofli- 
ble to find this fum of the fquarcs of a and b by 
'fome other combination, as^ a^-b and a — b. To 
try this, let each of the quantities a-^-b and a — i 
be fquared, and we Ihall get, aa-^-^ab-^-bb and aa 
— labA'bb ; then let thele fquarcs be added toge- 
ther and their fum divided by 2, and we fball by 

that 
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^Tiat means obtain the propofed fum, aa-^-ii^ 
from whence If is manifeft that aa-^-tt is not a 
produ<5t of the quantities a-i-b and a — ^, but only 
half the fun;i of their fquares. 

We might extend this theory much farther: how- 
ever the liuk^ which we have faid upon it, was in 
our opinion abfolutely neceflary t6 be given, fincc 
the nature of Imaginaries hath not been clearly trea- 
ted of and explained by any Author, at leaft by 
arty that we know of, notwithftanding they have 
been introduced into the J»€s znd cojkes. Befides, 
there are certain peculiar relations found to pre- 
vail between cjurves of the hyperbolical and ellip- 
tical kind, and between logarithms and circu- 
lar arcs, whereof it will be fcarcely poffible to 
form true and precife ideas, without calling in the . 
afliftance of what hath been here faid upon imagi- 
nary expreffions. 

Corollary L 

38. It follows from hence, that if we would find, 
the imaginary Fadtors of, /?».* A+cof.^ A:=::RR^ 

wefhallhaycj /£/: A43/f». A\/— -I x cof.A—fm.As/^ — i 
=RR. In like manner, if we fuppofe another arc 
B, and would make ufe of imaginary Fadtors, we 

ihall find that, cof.A+Jtn.As/~ixcof.li+J!n.'B\/^i 
= cof.A X cof. B —>. A X. Jin. B + ^^ x 
cof.Ay<Jn.B+JIn. Axcaf. B=^of. A^B+v/_i ^fi^^ 

A+Bby^r/.23,and24; andthat, cof.A—ftn.As/Hi 

y.cof. B— /?». B '>/:Z'i—£of.KI%—. V^X>f».A+B. 
Alfo by a fimilar calculation we Ihall find that,' 

tof' A + \/—i fm. A X <:<?/ B ± v^-^ fm. Bx 

tof. C + s/^fin. C =: f^/A + B+C + 'J^i fvu 
A+B+C. 

E 2| COROL- 
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Corollary IL 

39. Hence it again follows, that if we fuppofc 
the arcs A and B to be equal, and take two Fac- 
tors, we (hall have, cof. K±^ftn. A\/^ '=^cof.zA 
+^fin. 2 K s/ — I : if we ta ke three Faftors, we 

flialihave, co[.K±fin.h>/ — i ^cof.^h.±fin.iPi'/^\ 

— ■ — ._ — n 

and confequently in general, cof. A+^/tn. A ^ — i 
zucof. n A±fm. n A y/—i. 

Corollary III. 

40. From the laft equation we ihall get by tranf- 

porition,/;/.» Av — i—coj.A\fin, As/ — i — cof.nA\ 
and alfo on account of the fign — ^fm. » A ^ — i 

zizcof. n A— cof. A— Jin. A v^ — i : then if we add 

thefe two equations together and divide by 2 v^ — i, 
we ftiall get the following exprcffion for the fine 
of any multiple arc ; 

' n ■ >g 

Sin. n A— ^^'^^"^•^^•^ ^•— ' ->c^/A^/«.Av'— 1 
"We might likewife find that 



Cof. n ArzL ^^' ^'^fi*^' AV^—i H-fg/ h—fin. A '^'^i 

Corollary IV. 

41. Now if wc raife each of thefe binomials to 
the power » by the general formula, all the terms 
afFefted with Imaginaries will be found to deftroy, 
and the twp following general feries remain ;. one 
whereof expreffes the fines of multiple arcs, and 
the other the coftnes. 

Q^Firfi^ 
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Q^ Firft formula. 



Sin. n Az=,ncop''^ A y^fm. A 



«x»— iX« — 2 

1. 2. 3 



I. 2. 3. 4. 5 

AxJin.^A — &c. 

R. 5^re?;^<i formula. 

Cof n'A == f^/^'' A - ^ii^=^' ^e/^''-^ A X /;?.* A + 

I- a- 3- 4 ' ]_ 

1.2. 3. 4.5. 6 ^ -^ 

+ &C. 

Corollary V. 

42. If we fuppofe the arc A to be indefinitely 
fmall, we Ihall have,/». A^ A, and, cofA—r or 1: 
therefore that the arc n A may become an affio-n- 
able quantity, n itfelf muft neccflarily become la- 
definkely great, ^nd confequently the produfts, 

»x»-— 1> »x» — i x« — 2£5?r. be reduced to the pow- 
ers, »*, »% £s?r. Hence if we put the arc n A—r, 

v/e fhall have, (fmce ^n, A = A, and A = ^), 

/». * A = -T, ///. 3 A =^, trr. £5?^ . whilfl: all the pov/- 

ers of f<?/ A will remain equal to unity ; by which 
means the formulae in, the preceding Corollary, 
will be reduced to the two following ones, where- 
by it will be eafy to exprefs the fine and cojrne of 
any arc in parts of that arc, or in decimals of the 
radius; that is, to calculate the uM0kil fine and 
cojtne of any arc*. 

* See ** Expojiiion du Calcul JJ^ronomijue^' par Mr. de la 
I^ANDE, page 21. 

S. Firfi 



^ SPHERICAL 

S. Firji formula. 

Sin.€= c — + ■; 7— 

I, 2* 3 ' !• 2- 3. 4- 5 1.2.3,4.5.6.7 

4. _ f! ^c 

« I. 2. 3. 4. 5. 6. 7. 8. 9 

, T. Second formula. 

0/ C = I + — — ' T + 

"' I. z ' 1.2.3.4 i< 2.3. 4.5. 6 ' 



i,i&. 3. 4. 5. 6. 7. 8 

Thefe fomute, it is nianifefl, will give the fine 
and ^<?^»^ fo much the fooner, as they converge 
the fafter -, that is, ds the number of degrees, 
which the arc denoted by ^contains, is the lefs. 

'There are fome other leries of a fimilar 

nature with thefe, but as they arc not iaimediately 
connected with the bufinefs in hand, we Ihall go 
on to 

Problem VI. 

^'^' ^' 43* 5*(? find the tangent of the fum or difference of 
two given arcs A and B- 

SOLUTION. 

Let Am and AN be the given arcs, the tan^ 
gents of which, AG and AL, denote by / and e ; 
and it is evident that the line NT* drawn per- 
pendicularly to the end of the radius C N, will 
be the ' tangent of the fum of thefe arcs ; which 
denote by T : but to find the tangent of the dif- 
ference of two arcs A and B, let the arc M N 
be regarded as A, and the arc AM as B ; and 
A L will manifeftly be the tangent of their differ- 
ence; which call t. 1 This being premifed, let 

fall the perpendiculars, AQ, GP,upon the radius 

CN: 
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CN : then on account of the fitnilar triangles, CRN,. 
C AQ, we fliallhave, CR :RN : : C A : AQj or, 

s/r r+flO : o: :r: y =^: likewife on account of 

the fimilar triangles, AQL, GPL, we Ihall have,. 
AL : A Q^: : G L : G P ; or, e ^^^J^\^^. : /+o : 

: moreover, fmce CL : AL : : AL : QL,. 

we fhall eet, QL=-t===^ -, and alfo from the 
iimilar triangles, AQJ-, GPL, A L : CJL : : 

GLrPL^ or, ():-.JL=r: :/+(): i±^; and 
confequently^ CP, orCL — PL = v^rr+8d -^ 

r+lx 6 rr — 0/ 



/+OXr 



■ _ ^ Now by means of thefe 

expreflions it will be eafy to find that of the tan- 
^ent NT: for becanfe of the fimilar triangles, 
GCRCNT, we fliallhave, CP:PG:rCN: 

rr — ^r / + 0X?* 

N T ; or algebraically, -te. : — = : : r 

. !l!2i?.ii = T = tang, A+B; whence we deduce, 
by making the radius equal to unity, ^^ng. A+B 

tang, A -h tang. B O F I '^ I 

"~" I — tang, J\^tang,)i!>' ^^ 

2. In order to obtain the tangent of the differ- 
ence of the arcs A and B, let the laft equation, T==2 

r^^^t/^ be refumed, and one of the tangents or / 

rr — 0/ 

be confidered as unknown; and we fliall get b y 

the common rules of Algebra, / or t =^ ^^^qt '^ 

that 
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that is, by making the radius equal to unity, r Of 

S C H O L I U M. 

44. We might have found the fame refults with- 
out any geometrical conftruftion by means of the 
formulae already given, as follows. Let S be put 
for the fecant of A, and s for that of B : then by 
the known properties ofjrnesj cofines^ tangents and 

Tr 

fecants^ we ftiall have i fm. A =^ — , and, ccf. A = 

-Q- ; fin. B=z y, and, cof.^z=:— ', which values be- 
ing fubftituted in thofc of,/«. A+B and c^/A+B, 

r* X T -I- / 

we fhail get, Jin. A+B=: ^ — — , and,/;/. A— B 



:^ '^ \] ; r^/ A -+- B= -^^"sT ,and,f^y:A— B 

_rxrr-hT/, ^^^ therefore, fince tang. = !2^-, 

we ftiall find as before, tang. A + B =z Cl211jJL', 

r r — T / 



r 



XT~/ 



and, tang. A— B^-— t^tj* 

Corollary I. 

45. "Tang. A + B x tang. A — ^ — 

' ■ ■ , . ' ,. 

/^ff^. A -f- /^ffj?-. B X i'^wg'. A -— tang, B X r+ 

rr — tan^. A X /'^w^. B X rr + tang^ A X /^»^. B 

tang.''A — tar/^.'i^ Xr^ 
f* — tang.'^Ayc, tang, * B* 

Corollary II. 
46. If .one of the angles be 45*% we fiiall have, 
tang. A +45"^ = i-f/^%Axr ^ LL,^ 

*^ » ^^ 1 JL/^,,^. A tang,^^^^—A^ 

becaufe 
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bccaufe the racfius is (by art. 12) a mean proporti- 

onal between tang. 45° + A and tang. 45*^ — A • 
from whence it follows, that if we calculate the 
tangents of all the arcs below 45®, we ftiall get the 
tangmts of all the arcs above 45^, by fimple divi- 
iions ; and, if we compute the logarithms of the 
fame tangents^ we (hall likewife get the logarithms of 
the tangents of all the arcs above 45^, by fubtraft- 
ing the logarithms of the tangents below 45° from 

double the logarithm of the fine total. This 

Corollary therefore fhews an eafy method of con- 
ftrufting the Tables of natural and artificial tan- 
gents. 

Corollary III, 

47. Whilft the arcs A and B continue fuch, 
that their fum is left than 90^, the expreflion of 

tang. A+B will be pofitive : if we fuppofc Pang. A 
X tang. B to be = rr^ (which happens when thefe 
arcs are the complements to each other), the deno- 
minator then becomes nothing, and confequcntly 
the tangent infinite ; but when tang. Ax tang. B is 
greater- than rr^ (which is the cafe when the faid 
arcs taken together conftitute an arc greater than 
90^), the expreffion of the tangent then becomes 
negative, and of confequence muft be taken in an 
oppofite fenfef. 

Corollary IV. 

48. If we fuppofc the arcs A and B to be equal,; 
and imagine a feries of arcs. A, 2 A, 3 A, 4 A, &e. 
multiples of the firft -, it will be eafy to form the - 
following Table of their tangents from the formu- 



t See Ma/eres*B Elements of Trigonometry, p. 78, Sec. or, 
Simffon^i Trigonomrtry, p. 56. " 

F lax 
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la. Tang. A+B=^45^;^|, by always re- 

garding the tangent laft found as tang. A/ and 
making B equal to the fimple arc A, whereof we 
fcek the multiples, 

2 r* T 

Tang. 2A= —— 



rr— TT 
Tang.sA'^ r*-.iorVT» + 5T** 

Alid from hence it will likewife be cafy to deduce 
the following general forftiUJa, by obfenring the 
law.ofth^ coefficients for any multiple arc, and 
making the radias equal to unity, 

TaAg. « A =' . 



^"^ 1. 2 I. 2. 3. 4 1 



But in order to abridge this formula, (as well 
as all thofe which h^ve been hitherto given), 
we may obferve, that every fucceeding coefficient 
contains that of the term which precedes it ; and 
therefore, if the coefficients of the numerator be 
reprefented by the indetermin^e letters, A, B, C, 
D; &c; and thofe of the denominator by, «, /?, y, ^, 
&c. the foregoing formyla may be expreflcd thus j 

Tang. « A== 

,^ 'JilZi T» + «, '^B:Ei T+-^. ^!^ T« + ^c. 

49. If 



( 
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49. If we would exprefs the tangents of multiple 
arcs by beginning at the higheft terms or higheft 
powers, of Tj we ftiall readily perceive, that two 
general feries or formula will be requifite ', the 
one for odd numbers^ and the other for even ones ; 
and that, fince the higheft odd powers are alternate- 
ly pofitive and negative, the multiple tangent niuft 
have the two figns j^ prefixed to it. 

Firji formula for n when odd, 

§ 

^* ^ . ■ 3* 4 5- ^ 



MMi^M 



a* 3 4.5 . ^^7 



Second formula for nwhen any even numieri 



+ Tang, n A= 



*"'_ A'!=ir±T— 3 ^B/^3"^n^'"^^&c. 



»•? 4*5 



1.2 3.4 






50. If we would have the cotangents concerned 
in the expreffions of the tangents of multiple arcs^ 
we have nothing more to do, than to f^bftitute cot^ 

R R 

in the place of -;p- % after which, it will be eafy to 

change the preceding Table into the foUpwing one 
for the cotangents of multiple arcs* 

F a Cot. 
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t 

Cot. A^cgL a. '■ "" 

Cot. 2 A= — s — 

r t A — ^^ ^^^' A— 6 r* taug.A+tang. ^ A 
'^ "" 4r* — 4 /««§•*. A 

^ 5r* — lo /tf»^*. A+tang^. A 

Ct /: ^ ^ r"^ cot. A^i^ r^tang. A-r- 1 ^r'^fang'^ -A^tartg.^ A 

6r* — 2Qr* /tfw^*. A+6iatrg*,A 

t 

And in general we fhall have ; 

# 

Cot. » A= 

r£?/. A— — "^ — /^«g". A+A> ^tang,^ A— &c.' 

J * 

■ ■ ' _ _L ' _ ^ ' ■ I ■ ■ , • 

*• 3 4* 5 

by making the radius equal to unity; becaule by 
ipecifying the radius, two feries would be neceflary 
for the cotangents of multiple arcs, according as n 
Ihould be an even or odd number. 

5 1 . The two laft general formulas might likewile, 
it is manifeft, be applied to the cotangents of multi- 
ple arcs, by beginning at the terms of the higheft 
powers, fince the coefficients are always the fame. 
We may alfo make ufe of them, to transform the 
powers of tangents into tangents of the fimple arc 
and its multiples :'thus, if we fuppofe,T',T',T", &c. 
to dienote the tangents of multiple arcs, we (hall ea- 
fily obtain the following Table by fimple fubftitu- 
tions. 

T=i 
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T=T. 

T--2/r ., ., ■ 

COROLLARY. 

52. It follows from hence, that in order to obtain 
all the tangents from o^ to 90^, it will be fufficient 
to find them to 30° : for if any arc lefs than 30^ 
be called B ; and we have, A=30°— R; we (hall 
alfo hav e, 2 A—60'' — 2 B, and, cot.iA—tang, 

30°4-2B; and therefore, on accoijnt of the formula 
{art. 20), cot ^zA^lc ot.A — \ tang. A, we (hall get, 

tang. 30*^+28 =:=-^-r^/.30° — ^B — i tang.yo^—R: from 
whence it eafily appears? how the calculation of the 
Tables of tangents may be as much Ihortened, as 
we have already (hewn that the calculation of thbfe 
of the Jines and cojines might be. 

FIRST SCHOLIUM. 

53. By the formulae, which we have given in the 
preceding general feries, we may not only find the 
fmes^ cojinesy tangents and cotangents of multiple arcs, 
but alfo xhtjiney cqfine^ (^c. of any fubmultipie arc 
or angle in any relation whatever ; but then, it is 
manifeft, we fhall have equations of difibrent di- 
menfions concerned ; which, when n is a whole or 
commenfurable number, will be always finite, aod 
admit of eafy folutions by means of the Tables ot 
fmesj &c. For example, if we would divide an 
arc into three or five equal parts, by means of its 
fine or cqfine^ v/t need only make, ^n. n A^a^ aiid, 
cof. n A=^s s^x^ and, c ^y, and the formute 

B and 



J I 
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B and D will give the following equations, 4 i^' — « 

. 3r*y + ^r"=o, iand, 4,y^ — 3 r'j-^^r* '= o. Ill 

' like manner, fuppofing n ftill =3 ; tang, n A^c^ 

and, coL nA=d; tang.A=z, and, rd/. A==«; the 

forniulae in art. 48 and 50 give, z^ — 3^2* -^ 3r*2; 

• ^r^c:=Oi and, «^ — ^du^-^^r^u+r'^d^o : from 

whence it follows, that the trifeftion of an angle 

always produces an equation of three dimenfions, 

in whatever manner its folution be attempted* 

SECOND SCHOLIUM. 

fig. 7. 54. But, that we may be able to form clear ideas 
of the changes whereof the precedmg formula; are 
fufceptible with regard to the figns ; let us conceive 
a radius C A to remain fixed, whilft a moveable ra- 
dius CM, by defcribin^ the circumference ABai 
Aj gives the feveral ards AM, Am, A f*, &c. and 
it will appear, by taking the point A for the com- 
mon origin of all thefe arcs, as well as of their tan* 
gents J that all the poflfible changes relating to the 
JineSy cofmes^ tangents and cotangents^ are reduced to 
the following : 

1*^. The j^«^ of the nafcent arc hath o for its 
limit, and its coftne equal to radius j therefore, fince 

tang. = ^^> \ we fhall have tang.=^o^ and f^/.= 00. 

2^. The ^ne increafes, and cofine decreafes, from 
o to 90^ ; therefore^ the tang, increafes, and cot* 
decreafes, pofitively, 3^. At 90^, y?».*=R, and 
€$/. =ov therefore tang.=^ 00, and cot.^o. 4^? 
From this point to 180^, the ftne always decreafes 
pofitively, and the r^»^ increafes negatively; there- 
fore the /4»f .decreafes, and cot. increafes, negatively. 
5 ^ . A ti 80® ,y?». =as o, and cof.:=:^K ; therefore tang. 
s =0, and cot.zz -^ 00. 6^. After 180% the/»^ in- 
creafes, and ^^»<? decreafes, negatively; therefore 
the tang, increafes, and cot. decreafes, pofitively. 
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7^ At270^.^». =— R, andnj/". = 05 therefore* 
tang. = — 00, and cot. = 0. 8 ^. Laftly, after 
270*^, thtjine decreafes negatively, arid the cojtne 
ificreafes pofitively -, therefore, the tang, decreafes 
and cot. increafcs, negatively to 360^, where the 
whole becomes as in art. i . — * • As in trigono- 
metrical calculations only right, obtufe, or acute 
angles are made ufe of, all the confiderations of the 
figns are reduc'd to inquire in what cafes the for- 
mulse, which we have given, indicate in obtufe or 
acute angle : and this is very fimple 5 for according 
to our fuppofitions, whenever •the exprefliofi of a 
cofine or cotangent is found to be negative, we arc 
then to regard the angle, to which thefo figns be- 
long, as obtufe. ^ 

Preparation to the following Theorems. 

55. Let PE be the arc which we have denoted by /»;>, g^ 
A, afid PB that which we have called B. From the 
point B let there be drawn the lines BK and BH 
refpcftively perpendicular to the lines DE and CP. 
iMoreover, having drawn the lines BE and, BO to 
the extremities of the chord EO, let fall upon thefe 
lines the perpendiculars CT and CR, ter^jpinated by 
the tangent RBT, This conftruftion being per- 
Fedly underftood, it will appear j i^. that, the arc 
BO=AH-B; 2°. that,BE=A— B; 3^. that,KO 
-fm.A-yin. B; 4^. that,KE->. K—ftn. B; 5^ 
that, lUM—cof. B+cof. A ; 6^. that, K B-cof. B— 

cof. A ;^7^Jjiat^BTrr/^;^^.iA+iB ; 80 th at, BR 
=tang. jA— jB; 9^. that, AL=/». -^A+ jB ; 10 ^. . . 
that, CL-f^/IA HB; n ^,that, BF->.iA— Pv 
12*! that,CF-^/7/iA=rB-^ 13^- that, OM=:2 C F 

^Z con |A^B 5 (for the arc MO==MN +NO ; 

but 



• but, N O = 1 So" — A, and, M N = B j therefore 

Mo^ P \ T A a T ?. MOM Ti a 

— — /».QO — lA+IB; and conlequently. MO= 
: a?^JlivJpfftaodlyJfib<Mj**n^/rf»fiiplil4jlv' .misj 

=2^. tA+4Bx^<y.|A — |Bj and 2°5/«. 





5 eqaal to that at C m the lajif^r «, 
fore we fliall have, OK : oM:^r:^liH^ASl^^ or, 
by fubftitudng far thefe linesaheu- exprdfions in 

Joes and cofin^f . ^m.l^ftn.B : z cof. \h. — ^B '.'.Jin, 
^}^^^^?^^^^^^^^^y^^ the^ radius 
ar^«^6i ^itytthV^ft m\ irtHe' Theorem is dc- 

CL A, y^efhall alio h^ve, ^K_^Kb : rC L : CA ; 

or, &■». A-yft». B ii ^/« f it-o^B : : cof. iA+^B : 

jil^,^J"rpq[rv whence we deduce the^fecojid part of 



H . . ^\ ; .\v\\x ?1 ' ; A 



S7^iffi?mPnt(y^ex^ ^r^^^ll^ilfve ff:e Jwoj^^ ing 



r « N 



. \ \« . u 



f ./^. -f ..^x^i: 5 



n f A— ^B } 29,&y:B^fo/A=2>.1A+|Bx/«. 

DE- 
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The fame iiniiktr triangles, MKO, CLA and 
£KB, give yet the two following analogies^ ; MK 
: MO : : CL : CA, and, BK : BE : : AL : CA; 
which, by fubftituting the particular value of each 
term, will • be thi:s exprcflSrd : Cuf, A + ^^ B : 

2 cof. f A — f B ;: fg/f A + {B ; R, and^ C ^f. B 

— /^/A : 2>,iA — IB ::/«. f A + iB :R: 
from whence are immediately deduced the two 
equations which were required to be demonftrated* 

Corollary I. 
58. Hence, it is manifeft that, we fhall get, 

>. A - >.B g,,/ xA-h| Bxy?».M -tB "~ /^f .tAHtS 

= /^- f A + i B X t^/. I A — • IB, by fubftituting 
/tf^rf, for ^ 6?<r. 

C O R O L t A R V II. 

^^ A lA. A' A -f y?*.B _ 2^1^ jA + IB X fg/IjA r. B 

•»Q« Alio, ■^ A . /• o^ "^ ' ' ' =2=rTr— I - . ■" » 

^e/^A -h CO/. B , f^/, iA + iB X c^.ih -iB 

=s /tf»^. I A + i B, by expunging the quantities 
that deftroy, and putting tang, for •^' 

y Corollary III. 

60. We (hall morcavcr find that, ^";\ "T^'i^ = 

^ co/»A -h r^B 

2 r^/.i A + 1 B X re/: i A — IB 

rtm.h^nn.li 2,fg/UA + iBxy/; f.-f A--4B - ' ^ 
. co/.^ ^cof. A. 2yi«,iA + 4:bxy?».tA — ^ii 

.. G ■ • ■ 



■J - 




is.V- 



2 rg/ r A f 1 B X ro/ ; A-^^^f B>':y, cot. ^ A -^ t B ' 

2/iju -r4~ TTB X y: >."iA~ ^b /4«g^. ^ a — t B "*" ^^ * 

Corollary ly. ... ___ 

; ^x^We mikiu like wile ;find \yy fimple fiibftiW 
tip;j§ ,(chougp jnigjre im from what nam 

fA :>. A,by fiippofii^g A=rA Hh B), that,^^&^^ 
//^^^^^^^^^^^ and alfo that, f'tlE 

-3R ^^^^'^l^tiS- -Mof^eov^, we might yet 




qbk^ foilkjettt ^bif-fiolAtltii^ mrt^i'^methdd^f C^^ 
tamirig fiJch ; prb^rtift ' i^ we inay'iat anytimd 
ohaftceit6Mvle'<k:(!raJfeh"for ;\^rirf-thei^fbi^ it oivi^ 
now^ rem&iWs/'thit-^fe - inake "tfonri^^plka^iliiis^df 
the jf>recedlng fdrWVrli^ to the logfarithhi*. " . '-f ^ 






* Since R : c ^/ J A : : 2y?//. i A : >f«j, A^ - Mj^^i^ll! hfeyfe 

R^ : c/?/.^ I A or R* <-/«.^ ^^ A : : 4y?»?» J A ijln^ A or 

R* — fo/* A ; and therefore, R+ — R* x fo/.* A=r4R'X 

y.Vi*4 At- 4J^;/>/i Ai,A o^. R=^ K fei^?i4=^ R'*s^ljj(ii^ X 

yf>r4 A + 4^^^*^ f Aj\wl^^ce, R X .ry;.A — JR.?- -^r a j&t. * 

confequently, £2^^^ ^ n--?M^=^^± Vi [ brj: 

CO/. A — ji R^ -. 2/ifi.^ i A — iB* 
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Ufe of fiiui icf.. the freeidinf-'Ariliilit fi ibl to- 



62 . The fo "rmula:,/».i A-B!ii. B= i/MA+«x 



■''-' • EXAMPL&_ 1. 

^&%. Let the numtieV8 846j?^nd,S635 bc.propo- 
fed, and let it be retju'yr^d toi^nd, from t|ic fprn^u. 

IfBSWbmofitMUifoBil wfeiAs ■s.;(n»gilieiliijj)h 
p^Shc.foijiidfBBiWgftitbciS; sfj-fhis; Tables.., ii;j-tva 

p(Jj^i!fl,*«U)d.t»i'§!t^ly lMni!w.»il|>Jefl«a iiMlvyl 

%m ottnu rWWittww even titwijghi <h?jt ftiouW -mnr: 

tjin %^iaiopB,-tproHide^ lh?ir }Wi^S«liiP lfi%4fithfn» 

wetft.givefli>,;I^qy'.tliefirft,?hii]g.E9be,p(jfifisrmed;j 
iflil^is/flsafjiplf&iAs w-ot«ain,(li9,Kalueq o^ tiie:a.ir: 
gjIfPjA %iidiB,i;:9n<til;o.4«,thiSi Ji>»¥^ft|t9«Mb .9< 
^e;.phi«atjtefiftie^ of tht;,prQ^(e(J,i}iyiftlaHis.(Biiati 
i may be aWs t»Jipd the .Ctid :ii*(glfS » ttn^T^afcte 
of the logarithms o f the ftms, becaufe thefe l oga^ 
rithms' have no charaiteriltic below 7 or above 9), 
and'r'fhfereby'gec ' ;' , ■ _■'.'.; " '"'■ ' ^ 

x-fli.= •' ' '■ '^ '1 '-I , ■.■'i..ijii.iT ■ ■'. ■-• ■■; 
X ^s^&iii =a%.S63i ^s^o.^. fgi'.^lH^'fc'AV. 

ilM of cphftquenM deduce,' \£i^^t° ^ 55",' 
andiA»-!iBpa'fJi.4i"-- ^.J : -"-■ ,;:-...p;i»o-' 

s\J Ga Thii 



4f 



MOQAPttJO 






that of the cojine.oi\^\ ^ %^2.%f 7^"^: i7i°2. .3^,^^,-, ^^j 

the lit^r ,-of{2iestS(2 .7 «\ =-= ? s H 4. 1 8 . 8 io aiiihaj 

' '■ ' - logakni 



rithmof the nu'tnbefi j tfei ironrt^is futn I IJitefjoi iiul 
traft 10 + 6, or 16 (on^^c^ourit of the radhlsarlj jt>3 

which dHe^?fe48i^«llf fi^'W'f^ -^^ '^^^ tifefttftnrijiiKg 
added tft[^^rt3i^5%<9i^ift^Viii )a|»dnfiftiA*>^»fteilte§n habit 
logarithp^ ^ t1i0i^§gM ftii^ mll^ztosmt^i^inu §ni 
4.233o4i.xnB-jm yd ,2woIlot 2b noii^iaqo arh wslqrrio^ I 

„ „ ;.ai + A-^\Q^x 

Example II. 

64. The ftme/oj-fggj^ migh t likewife he pad<^y^,^.- -> 
ure of in .9f(|^:^<:^rf:(|^S|,u6t by. il^|e-jQg "»riaJbn^ ::an! Ic ? i 
expreffiot^jn^iire=<^:!4^%ated tfa^ -thft "pfece^^Hgpyog^'^.Q 

fuch as, for inftance, this, rx ^ - ;^ ' ^^ 4. . ^'vygerg^-^do''. r 

in I fliall fiippofe r to reprefent the fine total ; that 
A is a number .whole -loggr^htS cp^;o^47¥^ j: that 
the logarithm of ^ =: j.iofi^^^^^fiddhat'^ci'f ^= 
3.&76870; and ^c 6flfeqife!itly^ hgtt -the iofflrilhms 
of the quantities, A^^^^find ^**=ttanteubles of 
thefe. Thus much being fuppofed, I firft regard 

the logarithmj|^^^lM;:®i4iJ^?^M 
of two angles, whole fum is to be^ found : then I 
add unitji t;f9jsa(dsxxBldffii9loUaiQa^^ \d^i IbTdl^ . &d 
be enabIsd£tgnfin^(thdi^log9im>tei&:^iiX^ Iliv/ 

of the j^Stt^^vfad^s^haiinh^I^ ^ ^vig 

fponding)t(>liiQ[i]rGfialpii|| '^ism%'t^^t6sGS^ the^e^^i^^^H^^^^ 
3isvno3 •-' tion ^ 



' tk.n id a^>^ ,K-«U»i,7,am8M ;, 

firberaffing • =■ »m3&}i:J: 

10 + I from mi^^ j4 .^ .1 

the charac- '■"' ■ \ ' ■ :-.»V^^<[>W^ ^ %ja.i« i\y jrfi to n rli 

ttriffic of 8.814825 - /.f.^^iWsSl plll 

get the2ldb« -mIj io ^h'uDaZ*rm) 81 lo ..1 + oi fitu I 
garitlm«rft&J+ia»aift.f*»y^ft tfliifj'lfeaiSl.afit ilDitlw ' 
Meringatts*i^iSiKinfi(*ithit«Syaiefilfi6i<»ikl93 tobbt 
lag unity*illin»»ij(i8n<» teJjlft togasilii, to^nrfii'-EgoI 
■Iconjplete the operatioh as follows, by means.»nF.ES.i 
the f ormula, fm . A — ><,. B = 2/». } A — }"a 
tto/jA + iiii 

.II 3 J 1 K A X 'T 

0.301030'bffl^.!!) iliv^iUliIgim TjngiTOtjSmfl a/IT .J3* 
I.S676s«'«=*/'!to»gi.Y<i JiiujSs^ffel9?T«' ni lo Sif 



7.8667;8'^'&/; A' +,^Aa- X'^"' t^'"' rWififlm lot ,aE Houl 
isrij , (r.ioT 3n3 aril Jn:>l?iq-n oj ^ 'ilcqqijl IfErTi T nt 

->V- ^-44<!B7 lafaff^>C[.g .-t,.'t<, fr.ilini9r,(.rij 
Zfnri la^fey jlfa-t^l A'l in-^V(r*Am I. ■ e ,,,v;?.a->i,E 
lo E3[drj6b 5Hj-^4 hnfiAjji^'ft^ ^j^j. ,.,.!,, ',.,, -4.3 
bij;§3i fha I .baioqqij'l yni-jd riai/tn ^i^:i ■y.'A\ 

I nari] ; bouo^ ad OJ -1 rmji aloHw .^•jl;j ,/ i J': ti 

'5- BrfBTiJIip»i(jaifBiariltt«Hofeiobfdiy*iOTi^-ip; ij. hiii 

™not*o/fai]J^oi)Ciii«oraiteiiBiiDlthorhi(!iiringjatal'!,. ;t ,c! 

WcapceafojiMijllo&!«h4trui«iil%ditli«(«f{*B4*otf-\ jrfi lo 

•fijwtfpijiiibsh Gcateo^rjenraf giqliitotljsiifoKjnibnoql 

noij convert 



from 8f63i:rlN®^l erfilj^^wrce^ev thuieif '"if^ttkW'' 
tte/fTzfltemHcrtd;)f^^4iBfwm'jl^^ 

tlfe^feme rrftwMrnidde Wtltlie^lefe 'a» if > 1 f(ybffb<9P'4t^ 

and demonttrated by fubtraftion ; and the »aiitaft^" 

rrfulring from, this opgratinn) ihatis to fay, (in the- 

prefent cai 

ie^Uehtly, 

wards from jthtir fum/ 1 142, 'take' the Unit which 

paSkSkshit $#te of tii^i^n"^ I Aali gfet 142, 

for the true remainder fought. ^ ^\ ^ 




^^ X ''^ .\^'S 



COROLLARY. ,i 

66. From^iAhe j)receding reafonin^ it follows, ' 
thkt 'tfier^ i0^.tthms bf^' thef fbttriulS," ^^(^/V A = : 

be found by adding the arithttietical Con)pkipe(itSA> 
of the denominators to the fogarithm of the radi- 
us J or, , \yhiih\is:the ikgB^, -b)^flt1btraft^^ ia- 
garithms of the dehbminators ffbm thfe to^rithm 
of tiit &Uar^~of ' the jcaduiL^ Which hath -20 for; it^ 
index. /, r ,;^ 

S C H O L I U M.' » ^^^^ S :.. 

'67./,4s tt^n^'be-fdlrM^t^^ ' 

diflferent cDitibinktions or ftibftitutions of the fpr- 
mlilir^^vted^'v«^liare^e«kriff^tcd4h ehll^C^fH^, 

i\ and 
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c^ig^£<«^:fekrf<>rrri^^ ia- 1 theidif^wrerit articles. 

<^vieiio;HiftI)e follQ«ifmg,parts(]af ^bbriTKOiirfci wc fliali ' 

_-r!i HM yrr M- ^; - .!i ,,nMnf'r r--" r-r-!7 mo'r'r V .:;?lnf .f 

•'):rlv/ jr'i • .» ' ^iXiJ c^-^!f; i f't if 'W ^W rrioi; r-MJ.^v 
lyilp, A (arL 7). ,tfi;Mt.:; . .;. .,;-T. yi :.ji; 'r^ .!<-'* 

[art. 15). 

^.r&WJ^^-Q^d^aSlIir^^!^ 21)/' 

^.(tfr/. 14) .jV; 'J I .1 r; ;i J ^ 



'•;i5. 75. R 



• • 
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75. R — n;/ A = ^^=5;^ = " R "• " 

(art. 21.) =/*. V. A (art. ^^) : R -^fin. A = 



■ ■ \ *»» 



^ R + W/.4 ftf.'i A . R — eof.K _ taMZ* i A 
70- R_f«/.A - RR • R + «/.A ~ RR 

(ir/. 22). 

RR 

81. Cofec. A =j^^ (^/. 15)- 

83. 5^^. A = COL -I ^ewK^. A — tang. A {art. i8) 
^ tang. A. -{-tang^^comp. A (art 19 ) = 

84. Ci?/J^. A::=:cot.i A — cot. A (art. 18) == 
€ot.A+ tang.kA(art. 19) = "^'*^ :f-^^^^>iA ^ 

85. 5/«.A±B = >-Ax^'/B±../AxA.B ^^^^ ^^j^ 

86. C./ A±B = -e^Axce/3T/..Ax>a..B^^^^^^ 

«/«. t A — i.B X f^ 4 A — t B ^ 

J8i 



■•/^i- 






^^' C*/A3b «'. fi + tang. A ^^S) - 






R-2/«.''iA-iB 

89. i(^ 0o<H.Ati:«;;£ a— j^.^j?j^A*t<jr/» 27). 

(/jr/. 56). y. . -.,-.„ .;jq 



>1A 



=^.v^>- -:i 



(vet jj.,^ tvs I f. .^^^. ~ •-7 ', " 

Sin J 



A .. , 






9^ 






!: "^•■i.< ?t»SA+va/:B ?^^*««^- f A+f B f wa 59}; » -. 

^ JJ/V: A+fin. B . , ' 






fA+fsja"). 



iS 



/*• 
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102. Sin. A X cof. B = ^Jh. A+B + ^>f«. A— B 
(arf. 26). _ 

103. Cof. A x/». B = iM A+5 — 1/». A— B 
(d"). 

104. Cof. Ax cof "3 = 1 cof A+B + i cof A— B 
...05. r.^. Ap-= gr;Xliy; r^/.44). 

106. ram.A^= fang.A^ta,g.liXl^ .^O). 

»- 7-; 5 R+^^^- AxR R* 

107. T'*.^^. A+45'^= Rw^^.A = ,^,^.45.-A 

(<ir/. 46). 

« T/- . J « ^'«»^- A4-R R* 

108. If A exceeds ^5" - rang. A^K = tang. A^TT^ 



CHAP. 
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CHAP. 11. 

Containing the general Properties of right or 
oblique-^anglea Spherical Triangles ^ and their 
Refolution by analogies. 

Section I. 
Of fpherical Triangles in general. 

DEFINITIONS. 

109. A NY portion of a fpherical furfacc, 

jLMl bounded by three arcs of great circles, ^^i' 9* 
^ IS called a fpherical Triangle. 

COROLLARY. 

•no. Hence it follows, that the fmall circles of 
the fphere do not fall under the confideration of 
fpherical Trigonometry, fincc fuch only are ufed 
therein as have the fame centre with the fphere it- 
felf. 

111. Every fpherical, as well as plane triangle 
liath eflcntially three fides and three angles : and \i 
any three of thefe fix parts be given, by the rules 
of Trigonometry, the reft may be found. 

SCHOLIUM. 

112. In plane Trigonometry, the knowledge of 
the three angles is not fulEcient for obtaining the 
three fides ; for, in this cafe, the relations only 
of the three fides can be had, and not their abfo- 
lute values ; whereas, in fpherical Trigonometry, 
where the fides are circular arcs, whofc values de- 
pend on the number of degrees they contain, when 
the three angles are given, tne fides will alfo become 

H 2 known. 
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known. But there is yet another more remark- 
able difference between plane and fpherical Trigo- 
nometry, which is, that in the former, two angles 
always determine the third ; whereas in the latter 
they never do : and therefore it follows, that the 
definition as above dated is in ftriftnefs applicable 
only to fpherical Trigonometry 5 as will more 
clearly appear from the fequel. 

113. The fides of a fpherical triangle ire all arcs 
cf great circles, which, by their interfedion upon 
the furfaceof the fphere, conftitute the faid triangle, 

1 1 4. The angle, v/hich is contained between the 
arcs of two great circles cutting each other upon 
the furface of the fphere, (and already defined to 
be the fides of a fpherical triangle), is called a' 
fpherical angle-, the -meafure whereof is known 
from the Elements of Geometry to be equal to that, 
which is formed by two lines ifTuing from the fame 
point of, and perpendicular to, the common fac- 
tion of the planes which determine the containing 
iides. 

COROLLARY. 

iP/>.9&io ^^5' Hence it follows, that the furface of a 
fpherical triangle, B AC, and the three planes which 
determine it, form a kind of triangular Pyramid, 
BGCA, whereof the vertex, G, is at the centre of 
the fphere, the bafe a portion of the fpherical 
furface, whilft its faces, AGC, AGB, and BGC, are 
parts of great circles or circular feftors, and at the 
fame time form the fides of the triangle, BAC, 

116. A line, as PGj>, perpendicular to the 
plane of a great circle, paffing through the cen- 
tre of the fphere, and terminated by two diametri- 
cally oppofite points at its furface, is called the 
axis of fuch circle ; and the points, P, />, where 
the axis meets the furface, are called the poles there- 
of. 
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t)f. Moreover, if we conceive an infinite number 
of lefler circles, parallel to the faid great circle, tliis 
^j will be perpendicular to them likcwife, and 
the points P and p be their poles alfo. 

Corollary L 

117. Hence, each pole of a great circle is 90** 
diftant from every point in its circumference, and 
all the arcs drawn from the pole of a little circle to 
its circumference are equal to each other. 

Corollary II. 

118. It likewife follows from hence, that all the 
arcs of great circles drawn through the poles of 
another great circle are perpendicular thereto* 
for, fince they are great circles by the fuppofition, 
they all pafs through the centre of the fphere, and 
confequently through the axis of the faid circle. 
The fame thing may be affirmed with refpetl to 
fmall circles. 

Corollary III. 

119. Therefore, in order to find the /d^/ifj of any 
circle, we need only defcribe upon the furface of the 
fphere two great circles perpendicular to its plane ; 
and the points, where, thefe circles interfe(I:t each- 
other, will be the poles required. 

Corollary IV. 

120. It moreover follows from hence, that if 
from any point taken upon the furface of the fphere 
we would draw an arch of a circle, which may 
meafure the fhorteft diftance from this point to the 
circumference of any given circle, we muft fo de- 
fcribe this arch, that its prplongation may pals 

through 
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through the poles of the faid circle : and cohtrarily,' 
if an arc pals through the poles, of a given circle^ 
it will meafure the fhorteft diftance Kom any af- 
fumed point to the circumference thereof. 

Corollary V, 

Fi^. 10. 121. If upon the fides, AC and BC, of a fpheri- 
cal triangle, BC A, we take the arcs C L and CK^ 
each 90^, and through the radii, GL and GK, draw 
the circular plane LGK, it is manifcft, that the 
point C will be the pole thereof; and as the liaes, 
GK, GL, are both perpendicular to the common 
feition of the planes, AGC and BGC, they mea- 
fure by their inclination the angle of thefe planes, 
and of confcqucnce the fpherical angle BCA like- 
wife. 

Corollary VL 

122. It is alfo manifeft, that every arc of a lefler 
circle defcribed from the pole C as centre, and 
containing the fame number of degrees with the 
arc KL, is equally proper for meafuring the angle 
ACB •, though only arcs of great circles are ufed 
for this purpofe. 

Corollary VII. 

123. Therefore, if a fpherical angle be right, the 
arcs of the great circles which form it, pafs mutually 
through the poles of each other •, and if the planes 
of two great circles contain their refpeftive axes, or 
pafs through the poles of each other, the angle 
which they comprehend is a right one.* 

Theorem I. 

124. Atrf two fides of a fpherical triangle ^ ^hQ^are 
greater than the tUrd. 

DE.. 



: 
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DEMONSTRATION, . ^ 

This propofition is a neceflkry confequence of 
this; that the (horteft diftance between any two 
points, taken upon the furface of the fphcrc, is the 
arc of a great circle pafling through thefc points. 

Theorem II. 

125. The fum of the three fides of any fpherical 
triangle is lefs than 360*". 

DEMONSTRATION. 

Let the fides, AC and BC, containing any angle A Fig. 10%^ 
be produced till they meet again in D, and the arcs, 
DAC, DBC, will be each i8o^, fince all great cir- 
cles cut each other in;o two equal parts : we fhall 
therefore have, DAC+DBC=36o^ : but, by the 
laft Theorem, DA and DB are greater than AB, 
and confcquently th^ three fides, AB, AC, and BC, 
when taken together, lefs than 360^, Q^E. D. 

Theorem III. 

126. The fum of the three angles of at^ fpherical 
triangle is greater than two right angles^ and lefs than 

DEMONSTRATION. 

If the fides, AB, AC, and BC, of the fpherical 
triangle, ABC, be fiippofed indefinitely finall, the 
interfcdlidns, formed between the planes which ^de- 
termine thefe fides, will approach indefinitely hear 
to right lines, and, the fpherical furface indefinite- 
ly near to a plane fiirface : therefore, the faid tri- 
angle may in this cafe be coafidered as a plane tri- 
angle J but it is well known, thai: the aiigles of 

fuch 



%f its angles v^lht Always |[feattfotlant twb riglif 

the loth/^i ths{t ea^ anglCibf Acij^Hexwt^'^trii^l^ 
gle^BG may bdobtuCe^^ ^ir^'tlidfapbe timc^ fiitli^ 
^au-the art^Whidi.&ilie mcafuinsjphexrof msry •!» 

^6^,t-i£:>w€ i^f?^ attJthiJaw^fi^-^f the faid trian* 
-^e^^^fi*^ ^ftfeir .fiigv'cainfcti.pQffibJh^^^^ ever 

^iyaPt»Ti3g4lg(fiiMWs.J.C^dBj'i2^S;- .\: ".'- y..: 

127. Hence it follows, that a*^!*#fcsi 'bi^f^l 
xnay have its tblS aoglrsaotfcw Tight or obtufe ; 



W righjt'dr''>dl>a^{^i^ll«fi^(^aAti6i ^leiite^infinei^ttal 
4o- \>r g^s^fc'ttiHftifji^JK^s "^AtfiiaA ftfil;Jie».Ei%lf» 
be acute, '«ilth^^^vhe,3lA(S «%tBi^ Idfe duttat^^DAii 
and qontrarily.T /. y^ -y g '4 O M 3 Q 




trian^ks 4tf"r&liitj^ ii/PM tik 24f^ ilfl/#e}riid} safii, 

tKdr difie'rettd6''is^lfej'feAati^niytt?xl|>i3al»n«ittibr 

•' H^d, ' ' theie'^lAre':' 'ieiOtai^mMf^ii^^i M\31t:h:iaAs 




•lidr.'^huV^dr^ffaAw? i«t^lighB bilAeW pwxw^, 

i. },>■!,.- :irio;. 'i/fi" —-»--. HA ru. tdi to J.'..iJ (I b^As 



•r RI G Q NO Nf E TR Y. 57 

/(atwcH J15 in ckmftntvy * Geometry ), that two 

fphericai iriartgto arc cqqal to each other-: i*^, 

:ifhen the .three fides of the one are equal to the 

thfec fide* of the other j 2^^ when they have an 

ftqiml angle contained between equal fid^s, and 3^, 

' when they have equal angles abpve equal bales. 

:We OM^t likcwifc fliew, that a fpherical triangle 

. is equilateral, ' ifofceles or fcalenous, according as 

it hath three equal, two eqaal, or three unoqua), 

'angles ; ^nd'co'ntrarily^ and laftly, that the greateit 

.fide is tilwiay^ oppofite to the-greateft aqgle, and 

theleaft fide to the leaft: angle. The Dcmonftra- 

t(f>ns <5f all cheie truths are 6Eadly the fame with 

thofe in the correfponding clies t>f piaffe triangles, 

£> that It will be judged uiineceflary to fpecily 

-ihem in this plact. 

Tmborsm IV. 

130. Ifi fi^om the tbris angles^ By A /ind C, o/a Fig* n 
fyiherical tfiangk^ IBAC, as poles^ there he defer iM 
upon thefkrfuce. ^f tbl^phere three arts of great circles^ 
DF, DE and FE, fvhkh^ by their hterfe£!ions,form 
another fpkericot tHamgUy DEFj each fide of this 
new triangte wiU be the JUpptement to the^ angle zvhhb ^ 
is at its fotti Mi each if its angles tbefuppkmm iq 
that fide in the triaf^le aAC, whereto it is oppofite. 

D E M O N S T R A T I O R 

Let the fides, AB, AC and BC, of the. triangle 
BAC, be produced till they meet t[it>fe of t^- tri- , 
angle DEr in the points, I> L; M, N •, G, K : tJien, 
fince the point A is the pole df the arc DILE, the 
diftanec of thepoints A and.E will be 90"" j and, 
fmce C is,th9spoleof the arc EF, the points C and 
EwiUlikcwilcbego*' diilants therefore, hyart. 117, 
th? point £1 is the pole of the arc AG, We might 
' :provc> ii^likQ mannec^ that F is the polq of BC, 
and D that of the arc AB. - ». ■■ This conftryftion 

X being 



. iL,flr^ jDE+IL= iS"^: cottfequeady, thearcDE 
is the'fuppkmcBt to the anale BAC, meafuted by 
the arc llf ( art!' iiip We might prove, in the 
fame manfer» ^t ^ is^c Itepkment to the 
angk BC«L, tBKi£attd hj iho>ard MN, and 
that DF i| the^pplmencto Ae angle ABC, 
tneaftired ^ Gft i «d^nce;it fdSows, that each 
fide of thi^iange Da|F i^ ^plemcnt to the 
angk in tiffc mimgW ^At^„wh»ch is at its pole. 

Q:_E. i®.B. S « o 

z*. The Wigle^f «fe fafie triangle are fuprfe- 
mental to (be fi^fs ofcdie t(gbgle ABC; for, fnu^ 
the arcs i^an^BSSk: ettcK 90'', we ihall havft» 



AL+BG, 

meafijre oi the 

quently AB the 

prove ih 

the fup 

fore all tne'an&ie} o: 



nKntal to the 
gk&AC. 



_ but GL is die 

an|dc^!B^ by <Nt* i^i* ^^^ coafe> 
e l^flemtfht thereof. We mj^ 

tfe»r-^ and B Care 

ndF: where- 

are fuppje^ 

in the trian> 




■W' ffl flilffi tJ|U wrtJ klAjp ' 



Cf tie Rrfdutaa t^pikt^t^ Q9^^^^ Trianglss. 
Pft^ayaiwn tff mi^Womt^ Theorems* 
fi£. It. »^>: I gtjj DPCL t> g 'LPy'*!P'J^ compofed j^ 



four rigl^gSl #l&&]^(^|^, GBP, GFQi 
and BPCO anS lcr,,iS; AC^W BC; be' three 
dreular arcs, dcfcribed from otO centre ,G with 
the radius GB, and evidently fogmirtfe a fphericat 
triangle, BAC, right-angled at Aj fihce the planes, 

then, if ^te«»*ife^wap^ti«to'ft>%*^k|^^ 

n^ecS^t obtain the val^ Cpecified in* the foliowmg, 

Tabk» 







xIdW IbAI eZWO 







37B 33 bnB 
■tjiqqji SIB 




pg ni avoiq 

ilqqul ^3 

sd? Ub 9idl 

arfj o^ tonsm 

.3Aa alg 



^^irii.^d ,Da g^:^ eOA 4:>I SnB ^43 bnB 
Aiiw 5 3i3fi9D olp mo-ii b^diiotsb ,2Dib iBlo3ib 
iB Dharigt b snimio^ vhmbivaf briB ^^O^uibBi ^ffa . 
^zptiBiq^A:! ^'jnil ^A 1j ^'^ "' 

gnlwolloi sA3 Jii Jb^xiiD^ql Jks*lBV axlj niB^do ffffe^*^ 
pIdBT 



.•s I ^-^v '. 




«» .vs»ItaBi'Blffl)»WT 



■.9A .^S : -I -"islM - ^•^ •" V 
;~ T H E tm t M I. 

.a .»3 .-?,«« ; : -to : a .^KS.^ : : OH 

^ THEOHiiL-II. 

134. ^n atr) rim-i2h^tkimcaririansjj!,vte IbaS 

i nommoa 






^-*e 



--'A,&«^j'Jil'J??iJLYPIi:'D3mmi 1 3Dn3rfv/ moil irrTi 
•Erna,o!)il'r8niwollS sHHo-'flffhl aiij svmq oT 



■ ■ ' .1 M a Jff 3 H T r 



>lbMlti cr (which comts to tlie<^«»» 



_ .II M 3 a ; H T 



If ^IftgTSi-aiie^ Perical tnangles have onefcg 
: , , common ; 



^ 



14'- I'J>lj 
fhal, if n* f 



lows from the fourth Theomn 
i^ iJStiAiiil'tfSngks have 

id o> biiTl 31S fli<qitl|» »!*».? xlSfjlsfK-J/fgh sdj- 

■so mm I^iiMW>«t' ^llyfrs.MMli fka SftN«1Ni^ 
that, if two'ri4k*aneled f^erica|£tri*>^ 

tits fuigli!, and the Uneali of 
fiKjottlK loB-adi 







l^jlB-^J*i(>l«MMin»*i i i l l i| >n ii ^ i i i ji u i )t" i— w^— i ^ 'i Mj III ^ ii. i ' ^^r — 

.9; ' *« 



cnJofihaChipta-, Howevet^lllfMf (BSy 
be fotne difficuliy ii( t«teiiAiAg,)«iff ^11 as leme d»n- 
^S><»iffl)»inK8»itWW.««jfflMU 4)fei*<lftbf fi- 

the following definitions ; which are abrolutelj" 
neceflary to t;(iftyey4 jyfti4e»9fd®natwie, 
imno^HT Ari.v'_;;tT mirA gvoHoJ plllll .141 
wtd Z3lar*(ift«i-J)ijfi J.ef jJe-W^S S« It iicrti 

^faceiy touch the thinj, or are feparaccdliwainnlqr 
the right-angle AlyY thtfi liH>^Mb are laid s> Ik 
■»it»itAtl tlM itl))«4cvWl)t^-»<«^t«fhtta jt^ or 
ai^tti-paffcirrsriqt faal^ncorign owj ^ ,i£rll i 
i95H6i)BBI ***.tllW«f|tl!»,p|HISgf «r'"'^ " "" 

^ thefe parts, conlidered as the iwtfM^^P; 



JSBC ,xmm ) ACSQ., ■' 
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thre^Mgh imdi& iheJinejMal md cojlm ^U tiiiddir 
f0Tt^ ipialM ftf reffimgle under the ^kn^ents of tb^ 
«djicem paris^ or to that under tbe^bicstftbe iieptt^ 
rated parh. 

DEMONSTRATION. . 

Vfc have taken <^ to parttculariie in the Table 
for the folutions of right-angled triandes all the 
cafes of this Theorem^ denoting by A, the cafei 
which have relation to the adjacent parts, and by 
S, tbofe of the fepa^ f ted pm$ ; h that the truth of 
the general Theorei^i! it demonftrate^ by that of 
the particuW Thfsor^s <;o^refjpondi|ig to thofe 
cafes. Ho^ycx, it .may likewiie be proved frotn 
iJ^TMtMarl i3i^ J^vAjbtotwgfereachpar^ 
ticuUr tcnn^the vi^ues tnere^ thiiSt for 

iaftance» if we W9ul4)d(;ii^ th^ firft line ia 

art. 146, we need only pro vfthattKXyff*. ABsss 
/iwf/AC><^/V^^/?ffrB?:^^ Nowi by taking 
the eicprei&ons.of thefe lioefy as^glven. in art. 131^ 

welhalUctllx^^SlilM .„ 

we mail get, Kx^p -- op^Qp— gQjcBQ^gp • ^r 

which become mairifeftly the fame, after expung-*- 
ingthe terms. wbicMeft^mym; the two lad: frac- 
tions.'—^t woc^d be the fnkme syith refpc£t to the 
other lines> fo that we may very jvftly condudcr 
that our Theorem is tnie in all poffible' cafes. 

, t, • »»••^ < » ..» •. ■ * »•♦• 

■ . i • • -• ^ « •' ,..,'. 

Of the values pf the Angles of a. right-angled jpherical 
Triangle y with regmi to . the- Sides wbick - eontain 
the right angle il w* 



* » • r • »■ i 



T H E O R E M, 

148. In afFjt rigbt-aafjkd fpherkal tHa^f BAC,, 
or MC| the angles abdVi the iyfptbtnujk Art alwayi 



T Kil^:fntf>. 0[ « « f R Y. ,.% 

er different affeaim ; that is to fay, ^^^eor^i^gMi^i^ 
ere both acute er ohtuje^ or the one acute and the other 
cttufe., , > I T A M T ■ M n ', •■ <t 
jlriiT MO.iyttlC>J«, i; S B„AiK4,0 N. -v 

.ttfaiWiB'j 

"Wthfer 
•irnl'hG b 
'tiblite to 1 

•iK"fcpovttl^b!. '■ liet'tW fidt'SiiClfe iiro(iti«iH)o 
Fpftth'K'OT-Sfebe'ao"! ftni, M ttepiinW 
«♦«{■ by/ir/.« y, betliff polp of the ik Afi,~i& aigib 
.Br»ill''be flfo'90°'iand i!onftdacntiy," tWingfe 
,j4BC, vrhiiiBis Ids. thA the aS|[e A8F, neocff?- 
ril^ 'ktytr. ^Wi n^firt"provei"in like manner, 
<|lH't*« iUi^«'<} ^ acute) -WiSn'tlie fide-SB, 
rtlMfch'is'oppofitc'to'lt-Ms 'acutr.-i*^-^f; is Equally 
#6Blfto;: that the irfgieS B Slid Ci'ln Hir triangle 
Jfa^>righr-4iieJ£a aeij',-lift'obtirffe;when the fides, 
■ifif 3tfC?,' whitlrare" oppofite' tS"ihirti,* are obtufc. 
If one of the fides Ah is obtiife, and thebther 
fide AC acute, as in the right-angled triangle MC, 
ltiieii%liae,«-t*U is Mi<5iBit.<>biiS(i,iami tftit'^it 
#>ttttaee.(.\->iIor, 4^vin^ taltemQ|Kfn^'B^tW^ilM?lG 
90**, and drawn from the poititG,^^}(J^the^6WtC, 
the arc GC, the angle ACG will be right, by art, 
118, fince G,MtJfc^oiaQj ttclarc AC-, from 
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will be obtufe. For the feme reafon^ theatigfe 
tf^Q in the right-angled triangle ioQ^ will beobtufe^ 
fince it is oppoiits to the obtufe fide aC ; and cofw 
fequentlyy . the lupipkment thereof ^AiC kcwtc^ 
^that is^ of theiame affe6tion with its oppofite'fidib. 
Therefore, in general, the angles above the Kypo- 
thenufe are of the faoie affeftion -with the fides 
which are oppofite to them. Qj^ £. i ^. D. 

a^. It b evidem^ that BC, whether* coadSdered 
as the hy pot^eii^le of the triangle BAC, w that <tf 
the triangle B^^ 4^ ht& than BF v' imd Xhotv^ 
bypothemife bCy m the triangle taCy is greater than 
iF : from whence it foHows, that the hypothentrfb 
of axiy right^atigled iphericai triaoglie b. always |e& 
rijan 50*^^ when l^hj&^twa ieg3 o^re. of the fame af^ 
fedtion; and greater, when they are of diflfercnft. 

It will eafily.app^^ that tne"" conycrfe of this 
Theorem b true .irf;^all it? J^^^/^iHi- thaj^ the 
angles above th?3)iyppth^^ <hc fatme or 

'different afftftion^ their'op^q^^^^ wffl be fii 
likewife ; and ^t tHe lejgs^stre'of the lame or dif- 
feretit af&^ion, 'Ma>r^Bg aa^the liypothenufc if 
leis or greater than a quadrant; but one or botk 
tof diem 90*, -when 4C is k^sxBHf a quadrant/ ' , 

•^ . .^ '-If "^ 

PH OBX E M I. , \ 

^ig^ 13. . ^49- ^he bypQthemfe^ BC, af a rigbhar^ki\^hf^ 
rical triangle^ B AC, together with thefum or differmci 
of the two leg^ AB and AC, ^^/»^ ^/w» 5 to deter^ 
mine the triangle. ^ ^" ^ 

s oi. UTB lo t^^: ^ ; ^ ^ 

* ■ • ' * 

Since we have, by atti^s\^\ cofj, AJ? : :/*A 
' AC : cof. BC, we Ihall , alfo have, cof- AB X f-y: AC 

=:R X cof. BC. But, "by art' 1 04, cof. AB X <r<?/; AC 

. -I 
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ct i cofi A6rA.C^\cof. AB— AC ; and, confe - 
quently, z.K^ co/:BC-— cof.AB MC rr^g^ Ab— AC» 

' ' COR OLL ART. 

- 150. ^Ht?Dce, if the legs be equal, we Ihall 
have, 2 cof. B C— *R ^co/^ 2 AB* or r<?/ 2 AC ; 
which fhvws us, that in this cafe, the cofint- of -the 
idouble of either of the legs is e()uai to twice chr 
c/jjSneoii]^ hypothenufe lefs the ^e to^alr. 






, P,H O fi L« Mt I^ 

151. Gi'Ven^ one cf fketegs^ . a9id' th funTor (/i^ 
«/r^^ ^ /i&^ hypotbenufe and other kg \ 4o find the by{ 
potbenufe. ^ *: ^"*d 

$ O m T I O N., 



BC -.coj: KC—chS'tt ; which; by .^^/. 76 and 100, 
beeomeSi «/. ~ ; /-JJi^' ~- ^^ ^*** ' ;■ ' • <" ■ " • '*"'?• 

' ' ■■ • i from whence jt foHows,.that, if we kno\« 

the fCim or difference of the hyp,othenufe and one 
leg, we fliall be aUe J3y this ahalogy to find the 
aiffer^cr or fiim of Tthe hypoi^enuiieu and. other 
leg. ,\ ' 



f.,-,^'~ .^1^. — . — »A» . 



^»« 1 ii- «^ - —• 7»»- . ■*' 



* Beeaufe, iof.Ji^y, cof. AC,:==R X cof, BC, then bcccjmcsr; 

w/* AB tt'cof* ACbiRx^o/ Bfc : but, hyart. ^z^cof.^ A8 

>^ Vi-A r^ R»^ax^e/^^AB • R* + R)<Vb/: uAC , 
fil-ey. Av> z: ■ ■. ■ ■ ■■ > ■ ■ ap ■■: ■ .-ni . ■ i. , n - 1 



2 . ■ • * • . 3.'.- 



*-V 



aad therefore, z cof^Q'^Vinc^f. 2 AB. or cojr j? AG* 

> ' - K 2 Pro- 



68 SP HER I C AL ■" 

* P R O P L E M in. 

- 

1 52 . One of thf tmglei, ahve.. tie hfolhem^e^ 
with the fum^ pr difference' af the bypotbenufe ii^ i^dja- 
cent leg in a rtght-angled/pberk^ltfiut^ky beii 
to determine the triangle. 




\ » 
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' Since we haye, by aft., 134, R : cof. B : liang* 
flC : tdiig. ABr :«re HtaU mo hive, trnp^mndeL et 
dividend!^, R-J^^dJ^^^^^ tang.'BC+taT^. 

AB ^.taf^. BQ-frrfiang. AB; which, by art. yS and 
87, become, cct.'^\ B : R**, or, cot. ^ B : tang, i B : : 

>; BC+AB :/». BC-^AB. (X-E- !• ; ' . 






Problem IV, • . * 

J 5 3. C/va^Jt^e fy^Mbrnkpi ' J?»J/ /j&^ fum or. differ- 
ence ^ the 'angles ahove the'^^olbenufe \ toptd thefe 
cmgksm 






SO LU OVI O N. 

By art.. ijS; w^fe have, R ^^4/: BC : : /i»^. C • 
tot. B-j "which, by ppbcceding as in.tK^Jaflb Pro^ 

t)lem, gives, R* : iang."^ | B C T : ^ B.-^ : r^/ 

B+C ;• from whence the folution required \i ea- 
lily obtained. — -— 6ut, if the two anglesbe equal, 
we fhall hive, R* : tang. \BC\\ tang, f BC : Vij/; 
1 B orrzj/: 2 C. Q^ E. I. ' 






■^HMMP 



««• 



♦Bec aofe, R : r^ BC : : tang. C : eou B : : tang. C : /^^. 

^of— B; we ih all like w ife hav^ R 4- fg/I Bp - ■ fe '-'<g/: jgC ^: ^ 

tang. C-f/»n^. 90^-7-8 : /ii»/. C---/<Mr/. ^o*? — Bj aiidconfe- 

ye ntly, bygr/. 76agd 8 7, R* :/ag g,^fJBC ; :/». C-i-po^— *B ^ 

jfit. C— 90«+B : ; ^e/J.Br-C ; r^ B-»-£. , 

Pro- 



^ \ 



T R X G O N O M E T R Y. B§ 

Problem V. 

♦ -t^'4^* dipen in twO' right-angled fpherical tria)igki; F/^. 14- 
BAG, BDG, which hi^e one angle common, the le^^s^ 
ACdmdDGj oppose to this angle ^ with the fum or 
difference of their hypothenufes \ to determine thefe tri- 
ungks. ' ^ . .^ 

SQL U*T I O N.. . / ' ^ 

^ince, by art. 1 43, fin. DG : fin AC : : fin. BGi 

ftn. BC, we Ihall likewifc have, tonipemndo et dhi-. 

dmdoifin.t)0^/n.'ACi:fin.iy&-^fiH,AC : -.ftn. 

BG^+i?^; BG vjinrBQ-t^fin. RC, aind confequenth-, • 
' . . DGh? AC '. DGwAC 

BG>BC- • • BG^SC-'v ■ ■ , r, . ' 

.-rrt — r^ :v /«««■> —fT — :-?- J rrom whoice the loUuion- 

of the Problem will be very cafy, fince three terfns- 
in tfi*^rt)pottyfl WUi atw^ys-bt^^Abwh. Q. £. t> 



». ■i.fv t --'.-. > - v^^ . w 



'V^ 



^ ^.iV.*»^ i^v» 



• -- •' .• - - p R'CTB L E M VI: 



V \' - 



155. L^/ th^^XjJUirfi^rJ^hl^anglcd fpherical 
triangksr ^hich hav^.j^e^nngk; -^^ let the 

l^i g^Jite i^f^thisimglf "y^ithdhe ^Jf^tii^ ^. difference 
ifJthe Mpcent legs be 'gi^n ; - (^ Jetermne - }be trianr 

vi£sC' '.wN ""' if ' ■ 

^ - ;^ * s^o^jj qr 1 ON. ; 

."Siiice- w have,. % j^r^. 14^5 ^^^r t>G : A^;/^f! 
AClVjinBTyi^n. BAV we fliaii likfewjfe havcv 
/^^.' t)G+tapg. AC : z^?;^^. DG— /^;2g-. AC : : fm^^ 
BDfy?».- BA ^ ffh SIh^^rSA:\'ftQm whence wc 

deduce,' by makitig' fubftitudons fimilar to the pre-* 



\* s • f ■ » ' 



" <■ . ' . <''■ ■ I ■ ■ I ■ I • » ■ . ^ . I p . I I ■ t . > 



t Sec S/'mt/ia's Trigonomctiy, p 69, &c. 

. SECT. 



fo . SPHERICAL - r 

..i : ' triangles. • 



?w • « • ■ 



1^6. In afiy ff her teal triangle^ Vi^Q], the fites of 
** * * /i&tf ^»j^&j are to t^(b other direSihf as the fines of their 
(fppofite fides. ' "■■ 

D e4i Q.:N S X R A.T I O N. > 

t From.anyahgle,'A, of the fpherical triangle BAC, 
let faU the^arc AEX perpendicularly upoA t^c bafc 
BC \ then^Jin the right- angled fpherical triapgles^ 
BAD, CAD^ we Ihall have, by art. 13^^ R : 
fitf, A^::^^^\^A^^ and^ Rifin.JiQ: : 
fin, C ifinljip ;, 'Vvhdnde we^ irnrqediately aeauce» 
fin. K^>^fin: Dzir fin. AC xj^n^ C ;, and confeqiiently 
this proportion •, Sin. B zfin.lIZ : ifin. AC :fin. ABJ 

^i&E F^NITION S. ■ 

157. The »n^les, BAD, CADi which the fides, 

AB, AC, containing the angk BAC, form with 

the perpendicular, are called the fegments of ibe 

%'erticai angle ; wftcdher the perpendicular falls 

> within or without the tria^jgle BAC. 

2 ^. In like manner, the parts, BD, PG, of thefid^ 
B C, contained betweiert the peints, B, C,^ aad the 
J)oint D, where the perpeiidicurar AD itiei^t* Ais 
fide, are called th^ fegments if the bafe \ wliethcr tbcr 
bale be produced or not. ' ' ^ ^ ' - 

1 3^. With regard to diefegmcAts, • BAD, CAD, 
of the angle BAC, the containing fides, AB, AG, 
will be called adjacent parts^isfhcihg fo in ^fSift j' 
but the angles, B, Qy above th« bafe. BC,yij!>^^«^ 
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parisy fincc between thefe angles and the Taid feg- 
mcnts are found the fides, BA, CA. 
. 4**. With rcfpca to the fegojAlit^ fiD, CD, 
of the bafe, the angles, B, C, will be adjaeaa 
farts, and the fides, BA,CA,y«;p^^/i/ jMr/j.—— 
This being premiled, irwiU be eaiy to remember 
the two parts of the following Theorem,. 

T HE O R E M II. ' 

158. If from any angle. A, of a fpberic^ triati- 
gle, BAC, ^e let fall <a fitfi^Utiler^' AD, upon 
the o^pfitefi^, BC, (;prodi{cedifHecfJfaTy)^ ivefiiaU 
atioays have ; ' '"' ' 

^ •» . Tbejnes of the leas'thia-i 

^f of t^f feparated p i. thereof as 

ib'e eeiiit^etits of the 4 .' ,■' 

2.9,.' ^he ftnet of th feasthicb- 

tfiMgeni's of the a^acenf p^ts-i, an^thifo^es thpreof 
0stbef^nes(^thefeparatedp^ti:r ^ ;' ^ ' • 

1^ 5«. BAD :/B._CAp : V«/ B.'«/C^: 

that is| 




"DE'M0'N;S;TR;^A4"t'O-K." ' ■* 

In the right-Aiigled ffAeriqai tfiangfe ^DA w<: 
IhaU have, by Theonvt IV. R : fof AD : -Jm. BAD : 
nf. B>} and mcewife, in the right-angled trianglo 
CDAv by the feme, R ■, cef AD : :>. GAD :". 
eof C y therefore, -Sw. BAD :j6». CAD,; : cef^ 
B:«/C. Q.E. i°.D. ■ - r] 

»". The fame triangles will aMb g^ve, by- fhearem 
U. R : cof. BAD : : cot. A D : eot. AB, and, R j 
ttf CAD : : £ot. AD : cft. AG i therefore, fmce 
th^ tff proportions iuve the Oune antecedents. 
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wc fiiall have, a/ BAD : cof: CAD : : cci. AB i 
i6L AC. Q.E. 2^D. t 

3^. The fame triangles will moreover giyje, by 
Theorem y. the two following propbrtipns i R :^i 
ED : : cot. AD : cot. B, and, R ifm. CD:: ^i/. 
AD : cot. C I therefore, fince the antecedents ^rc" 
equal, the .confequents will be like wife proportion^ 
al, and give. Sin. BD :^n. CD : : cot. B : cot. C 
Q^E. 3^ D- - ^^ . '' . 

Laftly, by Theorem III. we fhall haw kv^he 

txiangle BAD, R : c^/ BD : : cof. AD;, cof. 
and in the triangle CD A, R : cof. DC : : cof. Al 
i^^/ AC ; from whence it follows, that *C<?/ BJ 
cof CD : : cof AB : cof AC. Q^^E^ 40; D, 
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r^ 



»♦ 



1 59. The four parts of this Theorem are, upon 
the whole, of equal inniport with the Corollaries^ 
which we have fubjoincd to the fix Theorems upon^ 
right-angled triangles 5 only, we have hfere at- 
tempted to render them foniewhat eafier to be re- 
membered, by means of the definitions^ wJiidi We 
have prefixed to this Theorem. . . i 

Preparation to tbtfouowing Tbaoremsa ( . • 

PROBLEM. . ! -.. • ' 

^^ 160. A7iy fpbericd triangle^ BAC, heing^g^in^ 
' one f^e whereof AB, isfuppofed to be upon thfarcum- 
fercnce of a great circle^ ABRF^r; it is reauiredHo^ 
frJ the orthographic projeSlion of this triangle uhjn 'the 
plane of the f aid circle ; that is to fay, tkatwitciis 
fcrmed ly lines ^ let fall from all the points ofjbe^Mes 
of the iricngky A B C^ perpendicularly upon /i»j?^/^^3| 
ABRF^r. 

' sotu- 



TRIGONOMETRY. 
SOLUTION. 



M 



From the extremities, A^ B, of the arc AB, let 
there be drawn tq the centre G the, radii, GA, GB j 
alio, through this centre ( which. is likpwife that of 
the fpherc), let a plane or great circle, rDR^, be 
conceived to pafs perpendicularly to the plane 
AR^r, fo that their conrimon feftioh, Rr, may be 
perpendicular to the radius AG j laftly, let the arc 
AC be produced till it njeet the circumference 
rDR^r^ \n the point D -, from whence; let tKe line 
DG he drawn to the centre G, as alfo the line Di 
perpendicular |o the diacoeteij Rr, . Thi$ being, 
done, it is evident, that the angle DGR is equal 
to the angle BAG, which is formed by the inter- 
feftion of the planes, BAG, CAG, (fince the 
Kncs, DG, RG, are boith pterpendicular to their 
common feftiori, AG) -, and, that the angle DGf 
is equal to the fupplement thereof. ■ ■ J t is 
equally manifeft; th'atj^ if from the point C we let 
fall: a line, Cr, pcjrpendicularly upon the plane^ 
AR^ir, the point (f will be the projeftion of the an-, 
gular point C. Moreover, if through the point C 
the plane of a little circle, /CL, be made to pafs 
in a pofition parallel to' the plane rDR^, the com- 
mon feftion, /L, of this plane, andthat of the great 
circle AR^r, will be alfo perpendicular to the ra- 
dius AG, and determine each of the arcs, AL, 
A/, equal to.the arc J^C i. and the prqieftion of the 
point, C wiirbe found in a point of this line : but 
it win be Irkewife; found (for the fame reafon) ia. 
a line, ;jF/,, which is the common feftion of the 
plane of the great circle AR^r, and that of the lit- 
tle circle /CF perpendicular thereto; provided 
this line be alfo perpendicular to the radius BG, 
and of courfe determine each of the arcs, BF, B/^ 

L equal 
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equal to the arc BC : and thpr^|b?j;,jwh€n, tbe^ 
three fides of a triangle, BAC^ are; kopwn,;t is ealy 
to perceive, from hence, hbw^^ projeftjoK elf 
an angle C may be determirij^'^^y tlie ifttencSbipn ' 
of the lines, L/, F/, upon tih^iU^ne'of.the circle* 
ABR^r. Q. E. I. et D. ^ . r ' . , 

Corollary. L . i 

1 6 1 . The right-angled iriaoskev IWCn-. GrHi? 
being fimilar, on account of v^ parallel lines 
whereof they are compofed, ^e fnall have, DG : 
CH or rG : /H : : dG : cH ; that ij^/to fayi^ R : 
fin. AC : : cof. BAC : ^H ; tftcrefoi^; As we'ibb«** 
have the fame proportion f6r all the projeftbdp^t^ 
of the arc AC, it follows, thlt the^rqcdbtoR(tftms'tfrr 
upon the plane of the circM AbRW* is ^tliipf^* 
whereof AG is half the ti^^f^A? am, ane^WG^ 
half the conjugate, ^'^^^^^ ^lllJlJLJl' L.j:1j: 

Corollary II. 

1 62. It likewife follows, from the preceding C6- 
,rollary, that the ^r/i?^^^j^^*if^^<fti^^c^^ ' 

or part, of a circle, is i always ran tcMiplirj- /or 
part of an ellipfe ; whe^ofi \ ohalfi • 'tiio 'r^ : tciirf* 
verfe axis is equal to the^y/ffl^l/o^s^^iapri hAlf.jhk 
conjugate to the cofne oftte^fapgleriffaptaiiidd hfflh 
twcen the plane of the faid cir^fiands tjie. piate/pf 
projcftion. ' 't^qbi avizib ^ ^\J 

163. In the two following Ch^e5s,ii\i5¥(jfl»ljl 
give a more minute Theory of the orihograpbicfirQ^ 



rmmm"'^^ 



♦ See Rohertfon^ Tranflatioa of De la CailWs Aftronomjr, 
p. 160, ^r. - 

j eft ion, 
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jerapii' ind or its application both to the graphi- 
cP'ahd 2LniWRc^\ refolution of all the cafes of fphe- 
nfeil^rianfftes! What we have faid thereon, in this 
place, rliolr bd confidered only as a Lemma abfo- 
liitely' neefeflkry fof the perfe6t underftanding of 
the following Theorem -, the difficulty whereof will 
be very eafily furmounted, provided we have con- 
ceived a juft idea of the nature of the planes, men- 

ti6^t^ in ttie foregoing conftrudion. 

' ^ .-* ' I t ' ' ' ' 

//THEOREM' III. 

%S^rJn i^nyfpberical triangle^ BAC, this proper- 
Hen, "(Jfitll shocks be true : as the produSl. of the fines ^'Is*- *7- 
ofs'iktM^s^ AB, AC, containing any angky BAC, 
is iojie produfi of the fines of the differences of thefe 
dMbifllf 4ke fum of the three ftdes^ fo is radius fquared 
fo \tbc]fjmre of the fine of half the faid angle ; 
or, which is the fame , Sin^ A B ^^Jin- A C :/«; 
Ab-^AC-4-i5C .r-^r AB4-AC+BC ~L -3, 

J AC^Jtn. AB : : R*: 

/».*fBAC. 

, . , CqnJiruSiion neeeffary to the Demonfiration. 

' -^UpcMi the plane of the circle ABR^r, and on 
eacfalidc of the point A, let there be taken the arcs, 
AiLj'JUy equal to the arc AC ; likewife, on each 
Mi faf the point B, let the arcs, BF, B/, be taken 
equai^to the arc B C, and afterwards the chords, 
L/, Ff drawn refpcftively perpendicular to the 
radii, GA, GB : then (from what hath been de- 
monftrateld in the preceding Problem) it is evident, 
itia&the interfeftion C of thefe chords will be tlie 
pti^dtion of the angle C, in the triangle BAC •, and 
(from this conftrudlion) that, BL=AC — AB ; B/ = 
AC+AB; LF=BF orBC— AC+AB; //=:ABf 
Ae-^BC, and, L/=BC+AC— AB. In the next 
place, let this proportion be made, H / ; C H : : 

L 2 Gr 
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Gr : Gdx or, which is .t,he ^ift^e^^yjfonQr^vlct 
there be taken^'G^, a fourth prpportion^l-.t^ the 
three lines,' H/j CjH, ^r, and this linje wiU-bs 
the cojine ofthb angle BAp, a^ appears from^. i6 i 
and confccjiitfritljs'^if at the point 'd we raile a riglit 
linelDii perp^^icular to t^e rddius Gr,* it wilt 
determine the angle RGDjequal to 'the angle BAC, 
and be t\\6 Jtne tli^reof, L'aftly, from the point 
D, to the extr^itii^es' of the diaoieter R r^ .let tKf r^ 
be drawn the chords, DR, Dr •, upon which froiii 
the centre G I(Jt fall the perpendiculars, G5,' G s,^ 
and then frtiii^th? points, S, jr, the perpendicnalars, 
SVi^^su^ Upon ithe diainfetef Rr"; and it wiU maniv* 
feftly appear, from Siis conftriiftioo^ that RS is th^; 
yine of half the angle BAC, and rs thitfme of half 
itsfupplement; U^at is,, thp. c^«f of half the faid 

angle.* So fniftli being plerhifed, we fhali find 

no difficulty in the • 

P E M O N S X Rv AX ION. 

In the right-Jined triangte GLF, th^Jines^ ofthe 
angles being to each pttenas,the haiycs of their' 
oppofite fides, and theajnglc, LOF*, being mani- 
feftly equal to the angle AGB, "its Jft» will be 
equal to that of the arc ABr aftd ^ (hall' have 
this proportion ; /«. C or^». AB :Jin. F : : |*LF : 
■I CL ; alfo, on account of the proportional lines, 
GR, HL, Gd, CH, we fhall have, HL: GR : : 
\ CL : VR = I R^ J and, likewife, fince the lines, 
GR, RS, and RV, are in continued proportion, 

G R : V R : : GR* ; RS* : then, if we multipljr^ 
the correfponding terms of thefe three proportions 

♦ Becaufe it is meafured by half the fum of the arcs, LF, 
//; which, by what hath been faid above, are equal to 

together, 



r 
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t^fe^en'' Pd ''fepunge fuch quantities as are 
tohMon-'WOS' t6 tlid antecedents and confe- 
^"^"*!UJ^«^. *^fl 'P' >«• ABxHL :/«. F : : i 

(5Jl\iR4*> v'J?pt'! ^if %>».AC ; /m.F=p . i LA/ 
^ q -::'»-'i . ^-l 1 AB, and, | 

t F'-M j^ f Cll^l?'^ /«. ^C + AB-AC 

^^^T^:Tq4^iS!'?^*'^^'^^^°'^*'' '^"^^ fubftxtute 
«J}6fe^y4ws.'ji%sie;UA['prrQpartlon, it will become. 



5;^.,AB X^».^^^q :^^, >. ^ A B X ;^. 



~»''rt 



Theorem IV. 

J 65. I/t M jame^fyirh^ion be fuppofed as in the 
p^hiin^:T'beo^^'l>dni 'l^^ay that we /hall likewife 
* ka^e'ihis* pr^pBtJim^yMS'ihe produ£i of the fines of 
the fides y/K^^'^hOylcmsining my angle ^ BAC, is 
ta theiprvdi^\j)f the fikt^ph^^lf the difference of thefe 
fiiesiand\tb6 ^mA^^tM^e of half the fern of the 
three ^des^ Ji i3.\a&i^ffUikred to the fquare of the cv- 
fmeafiifii^. Sbe^iii\du4ed^'dr^k ', that is. Sin. ABxfin. 

.^ yip AHriHA^Zi^BfcliV AB-f-ACH-BC ^, 
AC :./«.' u . - ArFr Kll^' ; : : R : cof' 



I .- ' I • t 



-» t^ ' I 
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In the triangle Cif the -fines of the angles are 
to each other as the halves of their oppofitc fides : 
but, it is evident that, the angle at /is me^fiared 
by half the arc FD/, which is the fupplenient to 

' . half 
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half .the arc FA/, equal to half the fum of the 
threK "fides, AC,^ AB, BCi the arc If is alfo mani- 
fcftly equal to, AB+AC-^C ; and therefore, the 

half of its chord will be thef;te of, — '—' 

This being premifed, we (hall have, j/J». A B :/«./ 
• : ^ // : i.C/ i by conftrudion, H/ : G r : : -t O/: 
«r=|ir} and Ukewife< fince the lines, Gr, rj, and 
nty iteinopntinued proportion, Gr : «r : : Gr* : rj*i 
s, if we ijLultiply the correfoonding tewns 
[j^cihaU get,>:'AB><H/ :/»./: -. ^jf x 

eV>t^-/>».^ AB:>dH/ 5 : A //x^. / : : Gr* * 
TCi and„ bYMfttiUting the yakie of each lii^e, 

SoiSABJS^ A0^>». ' ," a ^' ''X>. -^ — 

>=rA •.^f;:4n.n Cilorlw "^^ ^<-> ^ -^^^-^- <• __ ' 

1 06. Hencd/ir we call tlieTum of the three fides, 
s,V^ fitie\:<dppcdife^5K^ fought, ^ •, aftd 

ttoi^^^^deiPind^^^ thk <i}%t^y ^, and ^ ; We fliall' 

have ; fm. ^ ande = '"^■^^ V^.^f ' ^-^% ^•. 

\/fin.b%Jin.c 

•^6o^jLi/Uhi; ■- 

Ar itlfelioW, that we lliill alfo have, W/| 4ft- 
-^ glc 
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boi. A'* ,^^^ ,r.C 0RrOlii<:4^":T.v;'Ht hr. ; -' -,.t 

. The formula, aji aAifcf ^^*^^\ will give 

the co/»g, like wife, of t he whole angle A=: 
,A.t.x>.^7-7->?^>..9<J' ;-• 2,d, if we divide 

more compJicat?ed)iri^?r-tJhe tangent of the whole 

aj^slp- :.:._ -'''^^ --"-^-i:::.: '-'■':-. - 

ft. O t/L A R Y IV. 



1 69. r IF the fides, including the angle ibught, 
be equal, w Ihall have ; /». \ angle = ^^•^^'^^^ , 

and, r./ i ^ngXc^' dilil^ftiHI^. 

SCHOLIUM. 

1 70- From the fe veral formute, which we have 
deduced from the two laft Theorems, it will rea- 
dily appear, that the reafon of our chufing to find 

one 
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one 9f the angles of a triangle, ' wBereof wc know 
the-chrfc^ fides, by the^^ ox ccftne of its haif, k, 
becaulc thefe formulae are the nioft eafilf cx)nftruft- 
ed by the logaritbnis ; however, it mutt be acknow- 
ledged, that the formulae, whkh we have giVctt 
for the tangent and cotangent of. half the angle 
fought, may be likewife very advantageoufly uled, 
' as being very little inferior in finipliclty to the other 
two; and-thercfore, we have/(?«r eafy and coni- 
/ pendious methods of folving this particular ca.fe of 
Trigonometry. -^ ' .. ' 

Neper^ Oughtrei, Jones^ and fome other Englijb 
Mathematicians, in order to preferve a greater 
analogy betw^ert the folutions of thb cafe by the 
pit ^nd cojine of half an angle, have given formulae 
fomewhat different from ours with regard to the 
«preffions •, which, as they feem pretty well adapt- 
ed ^o rth^mbrancc, we Ihafl here fubjoih. Let a 
5od c be put for the fides, containing the angle 
foiight, the fum whereof call, j, and diflereifceV 
d^ and let b rcprefent the fide oppofite to this 
angle, (which we fhall regard as the ha&)> and 
We ihall have j 



r\/ fin. 



Y^fin. 



Sin. \ angles ^ -± - ; cof, | angle = 

\/fin. a'^Jtn* c 



jiii.i^ ■*■ 



-i-^../^ s^b 



«^„.i±ix/».i 



2 



and confequently, tang. \ 



. y/fin,aY.liti, c 

angle = — ■■ ■„- r 

If we would apply the preceding formulae to 
plane trigonotiietiy, it need only be confide re*d 

that 
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» 

that the fines of the fides of a triangle then be- 
come the fides themfelvcs ; ami wc Ihall have, 
by ftill pfefenring the fame AnoiiwiMi»dns for the 
three fides of a triangle ; fm. ,^ «kWglc ===, 

^f»?- i angles >.. ^ ■ : — ; from whence wc 

may perceive, that if, to the logaritbiWroSitbei fac- 
tors of the numerator of c^ch /ra4i^op;^w,ej^4A the 
arithmetical complements pf th?i»4br3t,^ifatJk- 
Bominator, and take half the iO^kb tti^^atre f C^ng> 
wc fhall obtain the angle foughtii,riiltcfestnQrB ftoipjjy 
than by the common riile^^ol pWdP(^ TrigQukmott^. 
It may be mereowr obfc^?<^»irfwt;th«)3&)rmiife 
foupd for the ftm gf .A, invtf^^:^^^;^* . fwrnifl^cs;^ 
with a pretty remack^^ p^OpcffeJr Qf p plane tri- 
angle i viz. that the»^3^of;iany^pf 'ii:aar^k» is 
^qual to twice the.ar^a- of, ;tfe^^,^riaiigle, 4ivideil 
•by theproduft of (hi? fi4<$, i/rtiicl» iiiclyde the faid 
angle : for it is demonftrated, in aU the HXedtieots 
of Geometry, thar the area oC^ a triangle is = 

iV' 4 J X 1 s-^a xA Jfcr-*-X i i^-^-; ^ which becomes 
the numerator of the formula iovfm. A, when the 
triangle is right-lined. ' " , ^ 

• ^"''' • Tiii(fREM"*'^V:-^ *^ 

171. /» artf JpberidSl I'riangU^ "' BA'Cv tvhereof the 
three angles are known^ ivefiall alwnp hai)e thefe tw4^ 
analogies for finding tme-tf-Hs fides^ i^^as the pro- 
dttS of the fines of the angles nhon)e the fide finight is to 

^^. V M- the 
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thefquareofthecj/htejfha^^ ^ 

.Bx>. C : cof,^t±^-^ X cof.-^^-<^ ■■ ■• 
R*-coriBC; and z'^^astheprcduStofthe/tnesofthe 
ansries adjacent to tbef:de fought is to the product oftb?^ 
cofme of half the differmce between thefe two angles and 
the third and half the fum of the three angles, fo ts radius 
fquared to the famre cflhefms cf half ^be fide fought-, 

that is to fay, Sin. B x /k. C : a>f — 1 — X '°f' 

DEMONSTRATION. 

Fiz. n. In the triangle DEF, all the parts whereof arc 
the fopplements to thofe in the triangle BAG, by 
art. 1 30, we fhall have, by Theore m III. fm.FD^iftfi. 

FE :fin l£l5±£EI3Fxy?«. ^^£:±i|±ii^-FE- 

: : R* ://«.* f DFE. But, the arcs, FD, FE, are 
the fupplements to the angles, B, C, in the triangle 
BAG ; and confequently, their fines the fame as 
thofe of the faid angles . Moreover, fince the fme 
of half the fupplement of any arc or ang e is equal 
to the cofme of half fuch arc or angle ; the fecond 
term will,- after making prop er fubftitution s, be- 

,on,e, .../ ^±^ -BX../. «-iftA _ c. In 
like manner, the angle DFE being the fupple- 
ment to the fide BC, its half will be the comple- 
tnent of half this fide, and the fine of fuch half the 
w/»«tfX)f half the faid fide; and therefore, the pre- 
ceding proportion will now be c han ged into this •, 

Sin. B X y»». G : cofi —5 B x cefi - ^ 

:;R-:.<j/:*fBC. CLE.i^D^ ^, j^ 
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2^ In the fame triangle, DEF, we ihall have, 

by Theorem IV. Jin. FD x>. EF : fin. ^^^^^^^^ 

^ DF+EF+DE 

%fm. 1 : : R» : r^?/* JDFE; which pro- 
portion, by making fubftitutions fimilar to thofe 
which we made in the preceding cafe, will be 

changed into. Sin. B x fin. C : cof j^— x cof. 

B-f-C+A 

—^ ::R' :fin.^jBC. Q^E. 2°. D. 

Corollary I. 

1 72. ^ Hence, if we call the fum of the three an- 
gles of any triangle, s ; thefe three angles, «, ft y, 
rcfpedively, and fuppofe, g, y, to-be the angles ad- 
jacent to the fide fought, we fhall have the following 

formulas ; fin. f fide fousht =: ■■ . _ ^■^-— . ; 

y/jtn,{i%fin.y 

M^^'iJ^ f-i ^ ■ . It would be 

eafy to" find formulas for the fine^ cofme^ tangent^ 
and cotangent^ of the whole fide fought *, but, as 
thefe expreflions would be much more complicated 
than thofe above given, it will be unneceflTaiy to 
f^ecifythem. 

Corollary II. 

17^. When the two angles above the fide fought 
are equal, we fhall have by the firfl part of the * 
Theorem j fm^ B : r^/* i A : : R' : cofi^ I B C, 

M 2 and. 
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and, by cxtrafting the fquare roots, cof. | B C = 

' — T^^w^ . ■ -^ The formula, which would arife 
from ihe fecond partj would not be quite fo fimple. 

S C H O LI U M. 

1 74. Thefe Theorems contain the foluticins of 
all the poflible cafes of oblique-angled fpherical 
triangles, as we may be eafily convinced from an in- 
fpedtion of the fecond Ti^fe, where all thefe folutions 
are coUefted and united* However, that we may 
give to this part all the extent and generality where- 
of it is fufceptible, we fhall yet annex another 
Se^ipn i in which we (hall give feveral other very 
important and general Theorems, and in particu-: 
far the famous analogies ofNeper-^ wherein this Geo- 
meter's defign feems to have been, to reducethe ana- 
logies of fpherical Trigonometry to thofe of plane* 
But, by rendering to thefe Theorems all the gene- 
rality requifite, it will be eafy to obferve, that the 
analc^ies of plane, are but particular cafes of thofe 
of fpherical. Trigonometry ; and therefore, fuffi- 
cient (in our opinion) to deduce them fep^rately 
from thence by fimple inferences only. It is fur- 
prifing that moft writers upon TrigoncHnetry have 
niade no mention ^f thefe analogies ; whilft others 
k^ve given them wUhout demonftration, and 
others deformed them, (but Mr. ^elf in particu- 
Jar), by fubftituting ip their room proportions con- 

fiderably different from thofe of Nefer. ^Befides, 

ihefe analogies may prove to be of very peculiar 
fcrvice in this -, that they will greatly contribute to 
an eaiy retention of all the poflible cafes of oblique* 
angled triangles^ whether fpherical or right-lined. 

SECT. 
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SECT. IV. 
Containing a Demonjiratim of the analogies of 
Neper, as well as offome otbersy both in 
plane and J^berical triangles not commonly 

given. 

Theorem I. 

175. If from any atigU^ A, of an ollique^angUi Fig. ij. 
Spherical triangle^ B AC, we Ut fall a perpendicular^ 
AD, upon the oppofttefide or bafe^ B C, {produced if 
necejfary)y we fhall always have this analogy ; as the 
tangent of half the hafe is to the tangent of half the 
fum of the other twofides^ fo is the tangent of half the 
difference of thefe fides to the tangent of half the differ^ 
encej or half the fum^ of the fegments of the bafe form^ 
ed by the perpendicular^ according as it falls within or 
without the triangle ^ that is to fay, Tang.^BCi 

ABHrAC AB-AC BD:4:DC 

iang. — - — r-tang. — ; — : tang. — - — • 

DEMONSTRATION, 

Wc have proved in art. 158 that, cof BD : cofCD 
: : cof. AB : cof AC^ and therefore, we fhall alfo have, 
componendo et dividendoy cof BD+f<?/CD : cof BD— 
cof CD : : cofAB+cof AC : cof AB—cof AC ; but, 
h^ art. 100, ^'cof BD+cof CD : cof BD— r^/ CD : : 
BD+CD BD— CD ,/.,/• 

cot. -— ^ — 'taffg. ^ ; and for the lame rea- 

fon, cof A B+eof AC: cof A B — cof AC:: cot. 

AB-f-AC AB-AC , - ' ^^ 

•- — : tang. : hence, uncc the two firft 

terms of thefe two proportions are proportional, 
the two laft will be to likewife, and give, cot. 

JBD+CD BD-CD AB+AC ^ . \ 
: — .: tang. ^—^ : : cot. j — : tang. 

; which, after fubftituting for the cotan-^ 

gcntx 
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' gents their values in the tangents^ and multiplying 

extremes and means, produces, — ^ "^^ ; . .^ = 
/^i,^. ^BD-xcD j^ .^ ^j^^ perpendicular falls 

withm the triangle, will be = — , but if 

Without, — "^ — = — ; and therefore, the laft 

2 2 

equation reduced into proportion >yill, to corre- 
fpond to both cafes, ftand thus ; fTang. \ BC : tang. 

AB + AC ^ AB-AC ^ BD + CD ^ ^" 

— ^ — : : tang. — - — : tang. ^ — . Q^E. D* 

SCHOLIUM. 

176. If we fuppofe the triangle right-lined, it is 
cafy to perceive that, as the tangents then become 
the fides themfelves, we fhall have this propor- 
tion ; As the bafe of the, triangle is to the fum of the. 
^ther two fides ^ fo is their difference to the difference or 
fum of the fegments formed by the perpendicular let fall 
upon the bafe^ according as it falls within or without 

the triangle.--—^ It is likewife manifeft, that this 

formula may be applied both to fpherical and plane 
trigonometry, in order to reduce a triangle whofe 
three fides are given into two other right-angled 
ones 5 in each of which we Ihall know, befides 
the right angle, the hypothenufe and one leg.- 
Yet (whether the triangle be fpherical or right- 
lined) the formulae \viart, 164 and 165 ought (in 
our opinion) to be always preferred, as conducing 
to the eafieft and ftiorteft folution- 

Theorem II. 

fig- »5' . ^*n* If vje ftill fuppofe that from any angle:, A, of 
a fpherical triangle^ BAC, there he let fall aperpen^ 

diculary 
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dicular^ AD, upon the oppofite fide y wejhall.have th€ 
two following proportions 'y i", as the fine of the fwn 
of the angles above the fide on which the perpendicular 
falls is to that of their difference^ fo is the tangent or 
cotangent of half the faid fide to the tangent of half the 
difference^ or cotangent of half the fum^ of its fegments 

formed by the perpendicular ; that is. Sin. C+B : fin^ 

C— B : : tang^ or cot. \ BC : tang, or cot. ]!H±£P ^ 

2 

and 2**, as the fine of the fum of the other two fides is 
to that of their difference^ fo is the cotangent of half 
their included angle to the tangent of half the difference^ 
or half the fumy of the fegments of this angle ; that is 

to fay. Sin. AB+AC :fin. AB— AC : : cot. ^ BAG : 

BAD+CAJ> 
tang. ^ -. 

D E MO N S T R A T I O N. 

In the triangle BAC we have, by art. 158, Jang. 
C : tang. B : \Jin. BD '-ftn. CD, and therefore, we 
Ihall alfo have, componendo et dividendo, tang. C-f- 
tang. B : tang. Q — tang. B : :Jin. BD +Jin. CD :Jin. 
BD—fin. CD -, but the relation of the two firft 

terms is, by art. 87, equal to that of, fin. C-^B : 
JJn» C — ^B, ^nd the relation of the two fecond, b7 

^ BD-f-CD . 

art. 95, equal to that or, tang. : tang. 

1 therefore, if thefe relations be fubftitut- 

ed for the preceding, and tang. -| BC be put for 

tang. - — '• , when the perpendicular falls withjn 

BD— CD , . ^,, 
the triangle ; but for tang. — -^ — , when it4alls 

without, we (hall have fpr the two cafes ; Sin. 

« ■■ 

- C+B: 
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C+B :/m. C— B : : tang, i BC : tang. ; '• 

BD4-CD w «^ • «-^ BD+CD 

tang. • tang.i BC : : cot. | BC - cot^ — j — . 

Q^E. 1^ D. 

2"*. In the fame triangle we (hall likewife have, by 
art. 158, tang' AB : tang. AC :: cof CAD : cof- 
BAD* and therefore, componendo et dhidenJoy tang. 
AB -{-tang. AC : tang. AB^^tang. AC : :' cof. CAD 
+aif. B AD : cof; CAD— fp/ BAD : but. by art. 
87, the relation of the two firft terms is equal to 

that of, /tn. AB+AC :/tn. AB— AC, and that of 
the two fecond, by art. 100, equal to that of, cot. 

BAD+CAD . BAD— CAD . r t 

zr : tang. p 5 therefore, if we 

fubftitute thefe relations for the preceding, and 

^^ ^ BAD-f-CAD , , J. " 

put i BAC for -^ , when the perpendicu- 
lar falls within the triangle, but 4 B A C for 
BAD-^CAD ^ ^^^^ .^ ^^jj^ without, we fhall get for 

the two cafes j Sin. AB-f AC :> »' AB — AC •' : 
cot. I BAC : tattg. ^ BAD + k CAD. Q^ E. 2 °. D- 

SCHOLIUM. 

178. The firft part of this Theorem, it is evi- 
dent, conduces to the folution of a fpherical triangle 
whereof one fide and the two adjacent angles are . 
given ; by immediately reducing it into two right- 
angled ones, in each of which will be known one 
fide and the adjacent angle. We might likewife 
ufe it for the fame purpofe in a right-fined triangle ; 
only^its application becomes vtnneceflTary for find- 
ing the fides of fuch a triangle, feeing they may 
be more eafily obtained by the well known an^lo^ 

between 
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between the Jines of angles and their oppofite fides j 
and therefore, the only. cafe, wherein this Theo- 
rem can be of fcrvice in plane Trfgonometry, is 
that which requires the fegments of the bafe of a 
triangle to be found. For, if we fuppofe the bafe 
and two adjacent angles given ; then, in order to 
find the fegments thereof, we fhall have this ana- 
logy ; ^s the fine of half the fum of the angles above 
the bafe is to that of their differ ence^ fo is half the faid 
bafe to half the difference or half the fum of its feg- 
mentSy according as the perpendicular falls ii^ithin or 
without the triangle. 

The fecond part of the Theorem may be applied 
to a fpherical triangle, when there are given two 
of its fides and the included angle, in order to re- 
duce it into two right-angled ones,^ in each of 
which we fhall know the hypothenufe and an adja- 
cent angle. It may likewife be applied to the cor- 
relponding cafe of right-lined triangles, in order 
to find the fegments of the vertical angle, by /ub- 

ftituting, ABTAC. and AB — AC, for the fmes of 
thefe quantities ; and in this cafe, the common 
rule will not be found much Ampler, 

Theorem III. 

179- I fay moreover-^ that in a)tj fpherical triangle ^ Fig. 15% 

BAC, we Jhall have thefe two proportions \ i^, as the 

fine of half the fum of any two angles is to that of half 

their difference^ fo is the tangent of half the fide adja^ 

cent to thefe angles to the tangent of half the difference 

of their oppofite ftdes \ or, which is the fame, Sin. 
C+B ^ C— B , „^ AB— AC ^ 

-T' • J^^' "IT" • • ^^^^' ^ ^^ • ^^^' — i — > 
and 2 °, as the cofine of half the fum of the angles 
above one of the fdes is to that of half their difference^ 
fo is tkt tangent of half the adjacent fde to that of half 

N the 



% 



1 



^o SPHERICAL 

C+B 

ihefum of the vpfofite fides \ that is, Cof. : tcf. 

: : tang. \ BC : tang. — ^ . 

DEMONSTRATION. 



We proved in the laft Theorem that, /». C+B : 



BD-CD 



fin. C— B : : tang. \ BC : tang. - — ; — ; but, C+B 
^-JL^El^ ,„d, C-B=i^^^,alfo,bythefbr. 



iTiUla in art. 7 1 , {fin. 2 A=^ ^fn. A x cof.A)Jin.C +B 
will be founds:: 2/». ~r' ^cof.—-^ and, for the 



2 

2 



fame rcafon, fin. C — \i'=2jin. — — xr^/. — — ; and 

therefore, the foregoing proportion will, after di- 
viding its two ,firlt terms by 2, be changed into 

the following •, //«. r-j— x r^/. — — : fin. t^ x cof: 

: : iang. -^ B C : tang, • Moreover, 

fince in every fpherical triangle th^ fines of the an-^ 
.gles are to each other as tht fines of their oppofire 
fides, we fhall have, fin. C ifiuJ^ : :fin. AB -.fin- 
AC, andconfequently, ccr/ipcntndo eta'ivrd^ndoy fin* 
C^fin. B \fin. Q—fin. B : :fn. AB-^/n. AC ifin* 
A^—Jin. AC ; whxh proportion will, by fubili- 
tuting for itsfcveral terms ihtrir equals, as given in 

C ' B C— B 

^r/- 91, 92, and 95, become, fn. —~><^cof.~^. 

^ C— B ^C + ld AB-fAC AB-AC 

•^'^•"T" ^^^/ "T" • • ^^^<?- — T^xtang. — ^~. 
Now, if we multiply this proportion by that which 
we before founds and expunge the contradidory 

<-' hB C—B 

quantities, we fliall get, /«.* -^^ \fin.'^ ""-7- 1 : 
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tang, i pL^y^tanr, : tang. x tang. 

—^-^ — ^; likewife, if we multiply the antecedents 
of the alternate proportion of the firfl: Theorem 

oj tang, -^ , and the confequents by tang. 

BD— CD 

^ — , we fliall again get, tang. \ BC xtang. 

AB + AC BD-CD AB-AC 

■ — ^— : tang. ^ — ' x tang. — : : tang. 

AB-I^AC BD-CD , , ^ 

— ^ : tang. — ^ — ; and therefore, fince 

thefe two proportions have one common relation, 
we fhall, by r^^afoning ex ^equoy obtain this analogy ; 

r » ^ + B ^ ^ C-B ^ AB + AC 

fm.^ -7- : >." -7-.:: tang.^ ^ :.tang.\ 

— ^— — , or, by extraaing the roots, Stn. : 

. C-B AB-4-AC ^ BD-CD , ^, 
Jtn. — r— : : tang. — - — r : tang, -^ — : : by Th^Of 

AB— AC 

I. tang. |BC : tang. — -^ — •, from whence the truth 
of the firft part of the Theorem manifeftly follows, 

2^. We might prove by a fimilar calculation that, 

^ C + B .C~B ^^^ AB-hAC^ 
Cof. —- : cof.—^i : tang. | BC : tang. : 

* for the whole art of this calculation confrfts in 

dif- 



C4-B 

• Since by the firll part of the Theorem, co/. ■■ x/n. 

C+B ^C-B^. C-B BD^CO - 

— . : cof. X M. " > : : tang. § BC : tartg. — — ^^ — -, arid 

I r^-^^ , C~-B C-B ^ C^Q^ 

alfo, coj. ^ — xjifi. -^ : co/. -j- %Jtn. -^ *• • ^^^f- * 

AB-AC AB + AC ^ ^ , ^ '* 

'■ — -^ — , : fang, r- — r — ; therefore,, by multiplying 

N 2 . tbejfe 
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difpofing the two proportions which we multiplied 
together in fuch a manner, as to obtain the fquares 
of the cofims of the quantities, C+B and C — rB ; a 
thing which is attended with very little difRcult^. 
And hence the truth of the famous Theorem 
of Neper relating to bo:h thcfe cafes is clearly 
fliewnr 

SCHOLIUM. 

180. It is eafy to perceive, that this Theorem 
may be applied in order to find the fides of any 
fpherical triangle, whereof the bafe and the angles 
above it are known. It might alfo be ufed for the 
fame purpofe in the correfponding cafe of plane 
Trigonometry, after fubflituting the bafe, and 
the fum or difference of the fides, for the tangents 

of thefe quantities. It may likewife be ob- 

feryed, that the preceding demonfl:rations carry 
along with them two other Theorems not altoge- 
ther iMiworthy our regard. The firft is this ; In 



thefe two proportions together, wc /hall have, co/. * 

C+B . C-B , ^^ AB-AC 

•_ — . coj. ■ ■ ■ ■■ ; : tang, f B C X tang, — : tang. 

•AB+AC BD-CD 

• X tang. ' J : but, from T^ec, I. we fhall get, 

AB— AC AB-f AC 
iafig. I B C X tang. ^ : tang. ^ x tang. 

BD— CD AB— AC , BD-CD 
■ — : : tang.* : tang.^ ; and confe- 

C-hB C— B 

lequently, ex aquoj cofi* — — - : eof.'^ — -- — ; : tangj^ 

AB--AC BD-CD C-l-B C-^B 

' 1 — - : tang.^ ^ , or, Cof. --j- : cttf. —^ : : 

AB—AC BD— CD 
tang. • ; tang. — — : : tang. J BC : tang, 

AB+AC 

z • 
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My fphtrical triangle^ the fine of half the fum of the. 
ingles at the bafe is to the fine of half their difference^ 
as the tangent of half the fum of thir opfoftte fides is 
to the tangent of half the difference of the fegments of 
the bafe \ and the fecond this ; 'The coftne of half the 
fum of the angles at the bafe is to the coftne of half their 
difference^ as the tangent of half the difference of their 
cppofite fides is to the tangent of half the difference of 

the fegments of the bafe. ^ Moreover, from 

this Theorem, and the confideration that every 
right-lined triangle has the fum of Its three angles . 
equal to two right ones, thefe two genenil analo- 
gies will arife ; 1^, As the fine of ^ half the vertical 
angle is to the coftne of half the difference of the other 
two angles^ fo is the bafe or ftde oppofite to this angle 
to the fum of the other two fides •, that is to lay. Sin. 

C— R 

\ A : cof : : BC : ABf AC ; and 2^, as the 

coftne of half the vertical angle is to the fine of half the 
difference of the other two angles^ fo is the bafe to the 

difference of the oppofite fides ; or, Cof. \ A : fin. 

:.: BC : AB — ^AC. • Laftly, the two analogies^ 

which we have obtained from the demonftration of 
this Theorem, will give us this double analogy for 
any right-lined triangle, when the fegments of the 
bafe are taken into confideration ; As the fum or. 
difference of the fides is to the difference of the ferments 
of the bafe^ fo is the cofine or fine of half the vertical 
angle to the fine or cofine of half the difference of the 
angles above the bafe \ that is, AB ± AC : BD-^CD 

: \£of ov fin. \ A -fin. or cof • 

Theorem IV. 

- 181. In every fpherical triangle y BAC, we fh'all Fi^.w 
moreover have 'thefe two analogies j i^, as the fine of 

half ■ 



94 SPHERICAL 

half the fum of the fides includ'n:g p.vy ctrzlc is to that 
€f half their dijfereme.Jo is the atcrgent cf half the 
included cmk to the tcn?(nt cf hcif the diffcraue of 

the other i^Ji'o cngjcs \ or, Sm. — *— — : / ^- ^ 



C-B 



: : ect. \ BAC : tcvg. -j- ; and 2<>, ^s thecnfinecf 

half the fum cf any tzvc fdcs is 'lo that of hclf their 

differcKce^ fo is the cctn:^c~t cf hclf their included ni- 

Fie to the tan^att if half the Jum (f- their cpfcfte an- 

, . ^ ^ „ AL+AC y A15— AC . . 

gle 'y that IS to lay, Cef. ^ — : coj. —^~ ' * 

cot. i BAC ; tang, —f* 

. DEMONSTRATION. 

In the triangle Dl'.F, all the paits wherecf are 
fuppkmental to thofe in the triangle ^^^:^J^'^ 
fliall have, by the preceding Theorein, fn. —^ 

,jin. -~ : : tang. \ DE : tang. —^ — . Now, 

in order to find what this analogy will become in 
the triangle BAC, let a and ^ be two circular arcs^ 
reprefenting, for inftance, the angles E and D, and 
let 2r be put ^180''; then will the fupplements 
to thofe angles be, ir — a and 2r— ^, anfd half the 

fum of thofe fupplements, ir — J "~ "2^ tnatista 

fay, the fupplement to half the fum of the fard angles, 

^ r E + D ^r AB + AC . 

c and b ; coniequently, fn. — — -f^* ^ :> 

and alfo, fn. -H-— y?;/. -^ — Z — : laftly, fince: 

tang. \ fupplement of an ^xc-^ cot. of half that arc, 
ve fhall have, tang. \ DE- f^/. -| BAC, and, tang. 

— —tang. -^. C^Ii. 1 . D, 

^ We 
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We iT)ight fhew exactly in the fame manner^ 

E -f- D E— D 

' that the proportion, cof. : cof. - — - : : tang. \ 

DF-fFR 
DE : tang. , would be changed into this ; Cof. 

ABl-AC ^AB-AC t -^ a ^ Ch-B 
— 7* — : ^^y- — '^ • • ^^^- 2" o AC : tang. » 

SCHOLIUM. 

1-82. We may perceive, by infpeftion only, that 
thele two analogies may be applied in order to find 
the two remaining angles of a fpherical triangle^ 
wherein two of the fides and their included angle 
are known. We nray likewife perceive, that the 
firft analogy, when applied to the correfponding^ 
cafe of right-lined triangles, will give the common 
nile ; As the [urn cf the fides is to their difference^ fi> 
is the cotangent of half their included angle to the tcn- 
gent of keif the^ difference of the oppcfite angles. 
With refpjird to the fecond analogy, it is manifeft 
that, it cannot be applied to right-lined triangles,fincc 

C^ -4- R 

cot. I BAC then becomes equal to ta7tg^ , be- 

caufe in fuch triangles the fum of the three angle? 
is necefiarily equal to two dght ones •, which is a 
thing thatcan never prevail in fpherical triangles, as 

before obferved. We might proceed to deduce 

other Theorems*, fimilar to thcfe v/hich we gave 
in the laft Scholium ^ only we think it better to leave 
to Learners the pleafure of finding thefe cut by 
their ov/n ingenuity. 



* They, who would I'ee a variety of other properties, whe- 
ther in plane or fpherical Tiigonorr.etry, beiides thole which 
we have thought. prGpei to Ipccify, may have recourfe to Mr* 
Ef.iLrjoii.s m ).r 'amprcherfive and fubliine Trcatifj thereon; 
where we preiumc they wiil iini their curioiity abundantly' 
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fptitibn!, 
; BliSiljnSan: 

iJci^cft 'trfio 

; iift'truHis of 

fcs, wherein 

• all Itbe precillOn bt CaTcOUtti&nls not, abiblutely re- 

■ ^ -^^^^jfitiSi .«14 tfckitfteilay'ttfv'^Jwftj'ooefetiMs very 

_ .■^■^*^*fet^kSftttt^H^^'ft«»i*^Ve-di^ not_greatly 

re^rd) to the fetdng^j^T'.a'^Uti vr walk According 

1 ' toTome point ot the compals ; or tb Dialing, in 

order to pave-th^ w.iy to a-mOre perfect crocration 

-. i3ltfttSlffWii»l .-s". iThcre arc T-hieories in Aftronomy 

. - - vrtiMi areiound^ upoa theft folutl^Ds j uid alio, 

' ■ ' ■ --. 1 .' ' "■ \ cal" 
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(iafesof Fikitige, wherein Acy may b« fo«nAo# 
no inconfideTal^ufr/| T,h^ n«y Kke^ifc ferW 
to cohdiift US in calculations, "wliereirv we mighc 



apply th« Alg<;bMi«(l anaJV.iis*to wfil^ W may 
Be cn3Helf¥»!^»^llWlM»6»'of neW fc- 
Ititionsi whitil will not only fefve to iUufthttoHhitf 

!>a««<NMlSj45»|Wi%ifoW^,?OTSte*'#*"'''' 
6ns of cafes in pra^ical Allronon^, lihidii wtjUtd 



"! .gnilk'Q ol lo ; e'ljkjrao^ 'jrii "io inioq arroi 03 

■:^»nt**n*e>WMferofi^lta-<!*le°aBftb»»1«iftcre 
■ - of 
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Mifoi BQkttitwm, liri thiigh it the A\mittvc 

Ibm, atcbcMMnr4#l«cdiejM|kI)G& be made 
c^^ ta tfar ji^Mii tt^ IMMT^ andt letting iUl 
fropd iliepcMnt D the peractidiciiUr DJ upon the 
di^iwier Br» W C]H be timoe fourth proportion- 
al to die Um% K2«¥D,/Hi and tbe point C wiU> 
as fP€ h^vie flmady Qft)|mic4 io «rtf, i6o, be the 
ppMeftum nf die aMie C» TUs being done, in 
mw¥^%oA^^MBmQfvmw^^nk » B for inftance ^ 
thio^^ tbe polac C 4nm dbe chood /CXF, as 
alfo the diaawBier MGii^ MM 
GB^ wd flMfce^i X/: XC: :Gli€:Ga; tht?n> 
fluxmgh tik fM^inft •• dms d^BiMH^^ 
aJJ pcmcitdaadar to GM» a^djnantnared bf the 
chomimneojQe at N, aAd tbe aicMN will be the 
mq^ure of tbc angle B . ■■■ ■-T ^ ai^le C might 
^ found bf m €MSiB}j Jiigar operatkMfi^ by 

fteadoftbeAcAB. QlE/iM 

«^ Tbe tUrd fide BC it Mwife% equal to 
eidmr QFtbe^ai^SFor ^; fiMM^thethm arcs, Bf^ 
MC and BF^, ooosain all the ;time number of de- 

res, as beiaigrooaaimfed h»««et the &me point 
4ind a k0er circle pwtpcodkuiar to the radius 

Scholium I. 

IBs. '^^ demmkftratbn ^ this conflrudion is 
-in evident f<i|iifn|iicnrr of U^ nature of the pro^ 
joftion 'Whi^ is here made ufe of, and already 
' ta^plained « 4^. 1 6o.*«-— But, inftead of repeating 

the 



tke 6pera^on for t^a^trtg; the tMi\xe*^'the*im'-' 
g^ 42;^ ^we^^may tljkein^tfe find in^M^ !tfee-,ibltowld^ 
eafy ,it^f hddi wbicH? in order to av^^dtbt^greaftfl3l^ 
extcfirof tlie figurft^ wa fhall only birely^pomt wtA^ 
ThfdtihS^ ex#enimiii» L ^d F 6€;thft lV6s Ai) 
ftrtd W^ *» rifpeftivdkji' eqtml to the ffrfKs AC ^nd» 
W3^ ^hh/'t9f^ idnj^ntf to meet the radii AG %ttSt 
B6, • prddbced as. f€?P as neceffery -, ♦then* from th^ 
^ints <)f their int^i^^dibn .as" centfei; with thcfer 
A^^jp. as .radii, 'dfefcribe twd^circiilar arcs, and* 
from the point' Wfrii*^ tHey ciit^eatlf othef draw two 
padirlo Ae iaidtfentres,' and thetirrgl^ which is con- 
tained bet«\^i5tt thehi will be cqiiat t6 die angle Ci 
the reafpn of whifclvttjnfttuftion will eridentlyap-* 
pear fioni this conti^ration ; that the angle which 
is contained 'bcCwitt two planes is equal to thaC 
' wHi€h is formed by two lines perpendicular t<3 
thcif common interfedHon ; as are in this cafe the 
fungmi^'^\\^ arcs' i^ and BC. 

S C H O L I U M IJ.' 

V' 1 85. Maving taken, as before, the arc^, AL,"A/, 

IttkcK" equal to the fide AC,- the prajeftion of the 

angle C may be determiiied without making ufd 

^f proportionalsv ^ the folkJV/ing manner. From 

OTe point H as ce!itTe/-with the radius HLv d^- 

Ifcritte a Temicircl^'EH ; ialfo, -'-aii'^he feme poH^ 

make with the radius HLaff angle LHr equal ^ 

'the given ahglfc'"BM3;-afrd-frort>:-the point r,^e]^ 

' the radius He cuts the circumibrence,- let^ falVt^ 

perpendicular jcC upon xbt dian^eter /L, and thd 

point C will bethe projeclfon Ibughc of the angle C 

.of the triangle BjiC 5: Qf)^:^ol?^ .ilthtf 

•angle at A be obtvfc, the pa^^^jgill feUvpart^ 

ills but^ if actipe, .trppn l^v Al'if t ^^^: 3Fhf^!ftfo^ 

jedion Qf:the 4figk B.mgtyrJe^ fp5^:,mb^ 

P cilityi 
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cility : for if, upon the line /H, produced if ne- 
ceflary, C;^ be taken=:CX, and, from the point c 
to y, the line ex ht drawn, the angle cxh or cxl 
will be equal to the angle ABC. 

Now in ordtr to conceive the reafon of this con- 
ftruftion, we muft have recourfe to^. i6, and 
we (hall therein perceive, that the angle GHL is 
equal to the angle BAC, becaufc the lines, CH, 
HL, are both perpendicular to the common inter- 
, feftion, AG, of the planes, GAB, GAC ; and 
confequently, the angle cHL equal to the angle 
CHL. We fhall alfo perceive, that in the trian- , 
gle CX^ (right-angled at c) the angle CXf, con- 
tained between the two lines, ^X, CX, perpen- 
dicular to the common interfeftion, GB, of the 
planes, BGC, BGA, is equal to the angle ABC : 
but, according to our method of conftruftion, the 
right-angled triangle cCx in/^. 17, is perfeftly, 
equal to the triangle CcTCinjSg. 16, and of courfe 
the angle at x in both equal likewife. 

Scholium III. 

187. If we confidcr the 1 7th figure with a little at- 
tention, we fhall find that any triangle, ABC, deter- 
mines therein three other triangles, which may be 
regarded as its correfpondents ; viz. haCy BaC 
and ^ AC ; each of which hath one angle either 
common with or equal to one of the angles, and its 
other angles fupplemental to the other two, in the 
triangle BAC ; as alfo, two of its fides fupplemental 
to two of the fides of the faid triangle, and one 
fide equal, viz. that which is oppofite to the equd 
angle : and as thefe triangles contain all the vari- 
ations which the given parts of 9 Problem can pof- 
fibly admit of, it may not be improper by way 
•f cxer cile, and in order to undefitand more per- 

' ; ^ fcftjy 



TRIGONOMETRY. 107 

feftly the nature ofconftruftions^to make applica- 
tion of every particular cafe to each of them refpec- 
tivcly. 

Problem IL 

188. Given two of the angles^ A, B, 'of a fpberi- ^. ^ 
ral triangle^ B AC, with tbdr adjacent fide^ AB ; to 
find J i^y tbe other two fides ^ and 2*^, the third angle. 

S O I. U T I O N- 

Having taken upon the circle ARD^ir the arc 
AB equal to the fide given, and drawn to the cen- 
tre G the radii, AG, BG, ereft the lines, Gr^ 
GM, refpeftively perpendicular thereto ; then 
take the arcs, MN, RD, refpedtively equal to the 
angles atB and A, and having drawn the 7?»^^, N;r, 
D^, with the iemi-axes, GB and G», G A and G^, 
defcribe the femi-ellipfes, B;/^, Kda \ and their point 
of interiedlion, C, will be the projeftion of the an- 
gle C of the fperical triangle BAG : then through 
this point let the chords, /CL, /CF, be drawn perr 
pendicular to the radii, GA, GB, and they will 
give the arcs, AL, A/, equal to the fide AC, and 
the arcs, BF, B/, equal to the fide BC. Q^E. 

2*^. The fides AC and BC being thus obtained, 
the angle G may be determined by either of the 
methods of folution given in the preceding Proi^ 
blem. C^E. ;iM, 

.Problem III» 

189. Given two of the fidesy AJ&y AC, ofafpbe- p^^^ ,^^ 
rical trianjrley BAC; with an angle oppoftte to one of 

them ; to find 1 ^, the third fide^ and 2"^, the other twA 
angles. 

P 2 FIRST 
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Solution I, 

Let us fnppofe the angle given to be, B» an4 
^Ifo that it is known of what afftdion the angle A 
js, which is included betwixt the given fides, AB, 
/LCr Then in the firft place, t^e upon the piane 
of the circle ABRar an arc, AB, equal to the given 
fide AB, and draw the radii, GA, GB : which 
being done, through G draw MGm perpend iculai' 
to the radius GB, and take G« thereon equal to the 
fo/ine of the angle B towards M, if the angle BAC 
be obtufe, pr Gv equ^ to the faid c(i/ne towards 
f», if acute ; and with, B^, nv^ as axes, ddtribc 
the ellipfis Bnlv. In tlie next place, take upon the 
circunnierence cf the f^id circic on each fide of the 
point A the arcs, AL, A/, equal to the other given 
fide AC ; then draw the chord L/» and tlirougi^ 
the two points, C, C, wtiere it cuts the ellipfis 
Bnlvy draw the lines, /CX, fC'y', perpendrcular 
to the radius GB -, and they wiJlgivc the arcs, B/i 
B^, equal to the third fide BC, accorxling as the 
oppofjte angle A is luppolcd to be obtuleor acute. 
Q^E. 10. 1. 

2^. Now in order (o find tte angle A^ having 
defcribed the femi-circie /KL upon the chord L/ 
^s diariieter, and drawn the ordinates, Cr, 'Oc\ 
draw ?lfo from the point H the lines, H^", H^',and 
they will give the angles, LHr, iSHc'^ equal to 
angle A, according as it is obtufe, or acute — 'I he 
pngle C may be foupd by the conftruftion in ^zr/. 

Solution II. 

If wc fpppofe the fidies AC and BC with the an- 
gle B oppcfite to the fide AC to be given, we may 
^plve tlic Problem by ^ different (though not more 

• ^ com-r 
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complicated than the preceding) method, as follows. 
JPirft, afllime a»y point, B, upon the circumference 
of the circle ABRar for the vertex of the angk B, 
and through this point and the centre G dr^w the 
i^iam^ter BG^ •, perpendicular to which draw the 
diameter MGrn^ and take nG thereon equal to the 
^q/lne q£ the given angle B ; then taking on each 
fide of the point B the arcs, BF, B/, equal to the 
given fide BC, and drawing the chord F/, make, 
MG : »G : : fX : XC ; and it is evident, that the 
poin;t C (determined by this proportion upon the 
plane of the pkcle AR^) will be the proJ€(5lion of 
tfee angle C. In the next place, through the ecu* 
tre G and point C draw the radius GCP, and upoa 
the line GC as diameter dcfcribe a circle ; thpn^^ 
from the centre <j with the radius GH, equ^l to 
the C'$Jfi»e of thie given fide AC, deferibe ap arc of 
a circle» and through the points, H, h, where it cut$ 
the circle defcribed upoaGC, draw the liiies,GHA, 
Gjbfc ; and they will give, AB, or «B, for th^ fide 
required, Hjccordiqg as the unknown ang^e oppofils 
to the given^ fide BC is fuppofed to be obctxfe or 
^ute-r-We may likewife find the point C by^ con-* 
fl:ru<3;ion ejcadly fimlla^r to that given in ar/. 18$;. 
for, if we defcrifee afemi-circle upon the choxd fF^ 
dr^W through the point X a radius wliich may make 
ivith/X an angle e^jual to the angle B, and from 
the extrennity thereof let fall a perpendicuJar ufjoa 
the faid chord /F j the point C will by tWs m«ABf 
be determined independent of proportioaals.-?? 
The angles A and C may be determined as in the 
laft Problem. Q^E. I 

Problem IV. 

iQO, Ghsn tw0 of the mgUs^ A, B, of afphmtat Fi^- 17* 
triangle^ BAG, with a fide ^ AC, oppofite to one of 
them J tofind^ i% the fide joppgfite to the ether anjki 
^^^ the third fide^ and 3'^ the third angle. 

SO^ 
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SOLUTION. ^ 

' Throus;h any point, A, upan the circunfifercncc 
of the circle ABR^r let the diameter AG^ be drawn, 
and perpendicular thereto the diameter rGR. 
This done, on each fide of the faid point let the 
arcs, AL, A/, be taken equal to the given fide 
AC, and the chord L/ drawn ; upon which as di- 
ameter let the femi-circle IKL be defcribcd, and 
from the point H the radii, Hf, lic\ drawn fo as 
to make with LH an angle equal to the given an- 
gle A, according as it is obtufc or acute : then 
from the points, r, c\ let fall the perpendiculars,. 
rC, c^ C', and they will determine the points, C, 
C, for the projeAions of the angle, C, or C In 
the next place, from the points, f , c\ let the lines, 
€Xf c x\ be drawn fo as to make with the ordinates, 
Cc\ CV, the an^es, Cex^ C'rV, equal to the com- 
plement of the given angle B ; this done, let the 
line GCP be drawn, and upon CG a circle, GHCil^, 
defcribed ; after which, from the point C as cen- 
tre with a radius equal to Cx (equal, by art. i86, to 
CX, whofe pofition will determine the fides requir- 
ed) defcribe a circular arc interfering the former 
circle in two points X ; then the fide AB will be 
obtained by drawing the radius GXB ; and a chord; 
/CXF, drawn through the points, X, C, will 
0ive the arcs, B/, BF, equal to the third fide BC. 
T he third angle may ftill be determined by the 
cpnftruftion \xi art. 185, Q^E. I. 

SCHOLIUM. 

191. If the angles A and B be both acute, the 
fide AB (and thence BC likewife) will be deter- 
mined by means of the point X, which is found in 
th9.quadrant AG r. It is equally manifcfl: that, if 

' we 
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we fuppofe a circle to be defcribcd upon C'G, and 
the line C x to be infcribed therein, we (hall ob- 
tain two other folutions of this Problem; viz. 
one, when. the angle A in the triangle BAG is 
acute, and B obtufe ; and the other, when the an- 
gles at A and B are both acute, and thsit at C 
obtufe. — We have omitted drawing the feveral 
lines neceflary to the demonftration, through fear 
of rendering the figure too confufed. 

P R O B L E M \^ 

192. Given the three Jides of a fpberical triat^k^ Fi^^ 17; 
BAG 5 to find one of its angles. 

Solution I. 

Having taken upon the plane of the circle 
ARijr the arc AB equal to one of the given fides^ 
and drawn through the extremities thereof. A, B^ 
the radii, AG, BG 5 take on each fide of the point 
A the arcs^ AL, A/, equal to the fide AC, and 
alfo the arcs, B/, BF, equal to the third fide BC ; 
then draw the chords, L/, F/, and their point of 
interfeftion, C, will be the projeftion of the angle 
C. This done, draw through the centre G the 
diameters, rGR, mGM, perpendicular to the radii, 
GA, GB; then finda fourth proportional, G«, to 
the lines, /X, CX and MG, and through the point 
n (which will by this means be determined upon 
MG) draw the perpendicular »N, terminated by 
the circumference at N, and the arc MN will be 
equal to the meafure of the angle B. In like man- 
ner, find a fourth proportional, G ^, to the lines, 
/H, CH and rG, and through the point d (thus 
determined upon rG) draw the perpendicular ^Dj^ 
and it will give the arc RD equal to the angle at 

A. 
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A. — ^Thc angle C might be found by ah exaftly 
fimilar conftrudion, by tritrtig the fide AC upon 
the circumference of the circi!& AR^ inftead of 
AB. Q,E.I; / 



• > 



If we woijlcJfolTe the Problem withdut malcing 
nfc of proportionals, it may be eafily effefted thiis* 
Having found,' is before, thfe pomt Q by the inter- 
fcdion of the right lines/ ?L, F/, upon L/ as dia- 
meter defcribe the femi-Circle LKT, and through 
the point C dfaw *Cr perpendicular to the faid 
diameter ; then from the point c to H draw the 
line ^H, and it will give the angle cHh equal to 
the angle at A. In the next place, take Cx=;CX, . 
and draw the line ex, and the angle cxC will be 
equal to that at B.^ — The angle C might be found 
l^y a fimikf conftrudtion. Q^ E. L 

P R a 9 L E AT VI. 

193. Given tie three angles of a ffherical tru 
dngle ; to find one of itsftdes^ 

SOLUTION. 

i%»^i* M^k^ ^ triangle DEF> which may have its three 
fides fupjdcmcntal t(;> the angles of the given trian- 
gle J then, by one of the CQnftru6tioos in the pre- 
ceding Problem, find th^ fevecal^angles of this tri- 
angle, and they will be the .fi^ipplefio^nts to the iides 
required. Q^E. I. ! ./.:... 

General Scholium for the foregoing fohiAons. 

194. It is manifeft that the fix kf^ Problems con- 
tain the Geometrical folutions, of all the calcs of 
cblique- angled fpherical triangles i but the con- 

' ftruftions 
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ftrudions may be equally (only with much greater 
firtiplicity) afpplied to right-angled triangles. We 
have omitted giving the dcmonftration of every 
particular Solution, feeing they may be all deduced 
as fo many Corollaries from the general conftrufti* 
on of the orthographic prcge6tions already explained 
in arf. r6o^ and laid down in/|-. i6 ; the perfect 
underftanding of which being once fuppofed, all 
the ideas neccflary to a complete dcmonftration of 

thefe f6ltitioils Will follow of courfe. Wt Ihali 

now fubjoin fome feleft Problems relative to this 
kind of projedionr, as beihg that whereof the great- 
eft and moft frequent ufe is made in Aftronomy. 

Problem VIL 

195. Given4be eltipjts which is the orthographic pry ec^ 
tion of a great circky to find upon the plane of projeBioft 
the appearance of the poles of this circle \ and contrari* 
fyy having the projebed poles of a great circle^ to find 
the elUpfis which is theprojeHion of the f aid circle^ 

SO L U TION. 

Let us fuppofe the right line Ka to reprefent the Fig. t^ 
plane of the great circle of the fphere, upon which 
the orthographic projeftion of all the pomts of the 
fpherical mrface is made, and that P^, perpendicu-' 
lar to GL, is the axis of the circle to be projefted,' 
Which will' confequently be reprefented by GL ; 
then it is evident, that the circle, ABaVy which 
pafles through the poles, P, /, of the circle to be 
L projedled, will be perpendicular to the plane of pro- 
jeftion. This being premifed, if we let- fall the per- 
pendiculars, P#, G^, it will eafily appeafr that, ^ 
will be the projeftion of the pole P, and^ that of 
the extremity G of the diameter (Jfc of the circle to 
be projcfted : but, fince the angle GCP is a right 
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One, the angle GCA will be the. complement of 
the angle aCP, -which denotes the elevation of the 
pole above the plane of ^projeftion ; ,and, there- 
tore, it follows that, the diilarice Ca of tHe'prqec- 
tionof thepole P ofagreitcircfe CTs equal to the 
ccjine of the elevation of -th6'fai'd,''pole above the 
plane of projedion, or. 'wmcH''3s the fartie^ tb t,he 
jf«eof theelevation of the circle t6 bVprojcft'^ above 
the plane of projeiftion ; and thatlialf the ]efs axis of 
the' ellipfis, which is the prtye^oh of this circle, is 
equal to the^»e of the elevatidn'Of-tKe pole above 
the plane of prcyeftion. ,, Q^.E. I. 

Problem f^Ht 
196. Toftidlbe^^imen^Dtjs'ofyBi'-eSipJis^ -which is 
■ ii>e erihagraphicj^r^e^tfk of a Imr 'nHrcfe ^ tbej^here. 

:sbL;U''t;r^ If. ;'/'■;■;■■ : 

f'£- 19. Let the line li^N; reprt 
leffer circle, y^tw^e^f .(he © 
is required i, ?Jf9^ilpc thjs- 
kr to the axis.ff ^;:^d, ^^ 
■„■ ■: it reprefeatst;>'i)i;.t)ft[pW94J 
whereof P/ is th^aJ(^%^, the 
OandN, let faU:th? p^fpen 
N«, upon the lifig'A^i afi' 
the point will be th? centn 
is to be the pr<?je£tion of the '. 
lel to GL, and »*» thp lefs a 

ing prtmifed, on account oi...^, ,.., — ^ — , 

CP„, COo, we fhall have, CP : CO, u-. C? ■ Co j that 
is to fay, ^ radius is to tbejme.efthejiftante of the 
'leffer circle from the great circle to which it isparallely 
fo is the cojim of the eltvation.of thepole of the faid great 
circle above the plane of proje£lion to the difiance Co of ■ 
the centre o of the ellipfc to be deferibed from the centre 
*C,...Thc fimilar triangles, GG^, MOR, -iikewifc ' 

give. 
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AppUcatim eftbe'lwo Idfi Problem 'fe'tbe projeSions 
u/eitm^e TMery e/ Eclifi/es. 
■ 197. TTie Earih Jbejjig fituate at a prodigious 
diftance from tfieSuiTt all the rays which come from 
thence hither may be confidered as parallel ; and 
if we imagine n- plane perpendicular to the ray 
which ifllies from the centre of the fun to that of 
the earth, this plane (which will- cut the fphere 
into two equal piitS)' Will reprefentthed'fk of the 
,ie the 
, and 
cpofed ■ 
. This 
les of. 
lator i ■ 
.fGM 
si will 
liverfal 
which 
of the 
e fun's 
■pendi- 
has the 
ilftices, ' 
i'to the 

^ .^ , . . ^ ., i AC 

0^2 will 
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vrill reprefent the circle upon which all the pokucs 
of the earth feen from the fun are orthographically 
projeded, and laftly, aP he the elcivatip^n of the 
pole above the illuminated difk, sind rn^iufcftly 
equal to the fun*s declination. Kow if, after thcfe 
definitions, we would dcfcribe the ellipfia y^hich is 
the prcjeftion pf the patallel MN, it is eyi^ent 
that, the Problem will be exaftly the fairie with 
that in the lad article ; except that Uie aAialogies» 
which we there gave for finding the centre ^od 
half the lefs axis pf the ellipfis to be defcribed, will 
here be expreffed thus : i^. j4s radium is f^ $h€. 

fine of the geoirapbical latitude of tjf>e far alleU fo is the 
cojme of the fun's declination to the diftojueCo^ and ;i°. 
jfs the fine total is to the fine of the fun's de^linationy 
fo is the cofine of the geographical latitude of the parallel 
to half the conjugate axis of the dlipjis which is tbepffh 
jeSlion of the faid parallel*. 

J98. As thefe graphical folutionsvay frequently 
occur in Aftronomy, but particularly in the deter- 
mination of the tranfits of the planets xxver the fiin's 
difk, we fliall here give the method of delineating 
upon the illuminated diik the parallel of a place, 
whereof the latitude is known, according to the 
foregoing principles. , 
20. Let AGtf QJbe the circle upon ,which the prqjeSi* 
on is to be made. /PjirQugh any point. A, taken 
upon the circumference thereof, . draw the diame- 
ter A^, and on each fide of the faid point take jthc 
arcs,* AP, A/>, equal to the fpn*s declination/or 
the time when the projeftion is required : then 
draw the chord P/, and the point «r, inhere it cuts 
the diameter A^, will evidently be the prpjcdion of 

the 



* For further fatisfadion fee Mr, De la Lande% Aftronomic, 
f . 700, &c. 



T RJ GX5 N O M E TRY. ny 

the «pole P. In the next place, draw to the point 
P the radiiis CP ; perpendicvilar to which draw 
the diameter JECQi\ and it will reprefent the equar 
ton then, Irpnt the: points,' Q^ JE, take the arcs, 
QJj MLy jB^ual to,khe latitude of the place (to- 
wards A If- It be ^f thi: fame denomination with 
the furt's 4eclinaftionV '^nd draw the choi-d L/, 
cutting the diameter P ^' in the point K ; through 
which draw*Hi> paralieltoP/, and it will give O 
for the centre of xht eiiipfis to be defcribed. This 
done, tafke GN eqUal to the j'^ir^ of the difference of 
t;he arcs, AP, -ML, and.ON will be half the lefe 
axis erf" the requh^d^ ellipsis, whereof M«? equal to 
U is the:gfcitef^|bcis r therfcfbre, if we take On=^ 
GN, and iip6h^^th^ ^a^es, M f», N », dcfcribe an 
cllipfis MMw>i,* ItHH'Ube the prcgedlion of the pa- 
rallel givert foir the <lay^\i^hen the fun's decllnatioa 
is' equal to the arc AP, as atfo touch the circle 
AGtf QJn two points, G^ I ; through which if wc 
draw the line Gf (perpendicular to the radius CA), 
andlfedude the arc GNI into hours, minutes and 
fccoAls,'We'fhaU get the length of the day for the 
laid parallel at the time when the dechnation is 
equal to the arc AF. 

199. The projeftion of the equator upon the 
plane AG/i<JJ^may likewife be eafily found ; for if, 
fron^ the extremities, M^ Q, of the diameter MQ^ 
which reprefents the equator, w0 let fall the per- 
pendiculars, JESj Qf, and upon the axes, B^, Sj, 
defcribe the ellipfis HS^ 5, it will (hew the projec- 
tion of the terreftrial equator as Icen from the fun 
at the time when- the declination is equal to the 
arc A P. 

200. We may alfo find iipon the fame plane th? 
projeftion of the ecliptic, as well as of the equL* 
Bo<3tial points. But in order to this it muft be obi. 

fervird, 
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fcrvcd, that, jis the ajtis of tfig etjuator makes al- 
ways .with thai of^the. edipji^,^ ai^lc equal to thd 
obiiquity Qf,'-th?,,«nptrc^ t)jP.Qok T, will defcribe 
round thcwifM.tlj^ecnpjij^ejiiroiiijfprence of 
^W|wjj:fa^^i,fJ^)!;toj);ejf|^ 
/lft,<tfx)^is pljTimfj^,^(i t^^^fe^fj of a^cone whofe 

fcr.be a rem,<j;5fe,I^^^M|p}'mte^ 
line CV equal to the cojtttt oilne obliquity of the 
ecliptic, andjthoijlraw thg ^ne^Cr, we fliall by 
this means manifeltly obtain the axis of this great 
■icircie. M«i>ii«aMei^JinabrfiiDD'ftiBvi9)idways in the 
|»Uria of'idw Qc09db.Yhja3ic«pdcBSthM->this circle 
muftiwiire^reisniKl b^xir^lu^lfc.'; iUHifequencly, 
if ECT'beiiuwi^dpetipeni^ubtilyi to its axis RCr, 
this.liTte)^l*bduhe'prajeftipnnofihe,f«d circle, 
-and the'p«i(iti9p(^^^Vhieteat<Etlttithaellipfis BShsj 
thofe .<tf jjhef qfcoBoQijtl {MlioW/ij -Iiirdieinext place, 
4fnhft^igh>tfc'^5tiiJ*Jin ^wrldilawjthoierdinate/rF 
{ibrpiiWflfCiThiid^ D^ihcvMaipcidr S^y.'tt'.igjill iie<^r- 
ify^eitilt'fiAai^itcfiaAirx^jtbt iiln'srightjafccnfion j 
ilhiij'-'if 'We^dMoJtiitwfthroQgli flw i&nvii|MMnt the 
ilnc V©^p»il(W»d(Oula*TlyWkc idianicm- JEGT,.the 
"flfP^fD «iilIbeci3^iB mealUre irflriiM>.ftti^lringiiadei 
idJWefm^te^iiieediroififtdffvidilqii^iBilittcility the 
app^ariftce^di da fiftMlioial !paiBlitsc((.fc|oth'jupQn the 
equt«on5lhd«o%tlc v onljjiwni dAllfiiliiumiBceflary 
to infift any longer upon this head, fmce it is fuffi- 
cient for oqjipuppofe to sh».^ S^&fti how eafily 
e applied to 
'. !Aftronomy. 
Afttonomers 
i'idc;a of the 
liilft feme re- 
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jcft them entirely, as deftitute of a requifite exadt- 
nefs, others there are on the contrary, who place 
too much depeaidance upon them : the ufc, which 
we think ouffht to be made of them, is that, which 
is generally made of. all Geometrical figures ; viz. 
to conduft the mind in the refearch of numerical for- 
mulse^ by me application of Algebra, or the gene- 
ral rules 5f Trigonometry : for which reafon, and 
that the Th<e6ry of tMs kind of firojeftions may be 
the better illuftrated^^we iiiall annex a few Corol-; 
laries upon ^tHe^ Ibi-cgoing Problems. 

C a R O L L A R y. I. 

201. IfivfMlewsifrcffii the laft Problem, that irr 
order m dctermiaaDkipaniariy.dflipfis,^ which is the 
proje(9r;Qitrtof aegrfeail^circle, anr arc which may 
contain anyi nnr^nthci^ ^. idegrcesi,' and alfd com- 
mence »tria.!teftainit:poirit \ipori.this ellipfis ; we 
lieed ohlyiIetr&tlii£b>iiiiifthe> gi;(?cn^f)Otnt a perpendi- 
cular nporn itBniran&carfeidxi^^ ;aii(i produce k to 
the cirGuifaferericeMrffthe/xrhrck >ddrcnbed upon this 
axis ks diametet^ lihmi firom ^ the point where the 
cirGiiOTferenapt>£'(ihet£iklf)cihdic is'fcut by this pier- 
pendicukr,.iet!aff ate. art: feqftal.to; the number of 
degrees given, a»d aiftQfwardfrj£Dc2»iiEbthe extremity 
thereof <kt fall aoitehkr ordinsuR &|)0&tht tranfverle 
axis of the ellipffis^ vahditkerro'wiU by this tne^ns be 
dctermiiied tupton? tlbe)t pferipfteny of the ellipfis an 
arc cmmmnsBgfjtfai} mmiber of deuces affighed. 

' 'Cdlt'OL L A R V il. 



202. If tjie arc Ts to contain 90*^ : having let fall 
from the given point a perpendicular upon the 
tranfverfe axis of the ellipfis, we need only take on 
the faid a^is, on the other ftde of the centre, a line 

equal 
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r 

equal t6 thc^ne of the arc comprehended betwixt 
that e;^tnemity of tKfc axis which is neareft to the 
giVerl point, arid the perpendicular or ordinate 
fi£, 21. Which piiflith through this point^ For example, 
if We would determine upon th^ ellipfis ACda an 
arc of 90^, commencing at the point C ; we need 
aH{f tatke'if»e Hnc Gx equal to the JlnelH of the arc 
AfcrAG, terihinated by the ordinate which pa(^sf- 
through t1ti6 point giVdn, and then at tl\e point a, 
thus obtained, erc<5t the perptfndicular x/', and it will 
give upon the faid ellipfis the arc C/' equal to 90*^, 
In like manner, if, upon half the greater axis Gi 
of the ellipfis BG^, we take the line G (p equal to 
thtJinfFX of the arc BF==BC, and ercft the per- 
pendicular pf\ we fhall get upon this ellipfis the. 
arc Cf'=z 90®. 

Corollary III. 

203. From what has been already faid, it will 
be very eafy to find upon the plane of the circle 
ABR^ the meafure of the angle C or BCA » for, 
as every fpherical angle is mealured by the arc of 
a great circle comprifed betwixt its fides, and de- 
fcri bed from its vertex as pole, it is manifeft that the 
whole difficulty will confift in defcribing the ellipfis 
Q/'y, which is the projc&ion of the great circle 
whofe pole is at C ; the method whereof is as fol- 
lows. Through the point C ahd centre G draw 
tlie diameter PCG^, and perpendicular thereto 
through the fame points the lines, G'C/, QGy ; 
then take upon Gi^ a-part, GS, equal to G'C, which 
is the ^»^ of the elevation of the point C above the 
plarte of projedlioti, and this line will be half the^ 
lefs axis of the ellipfis which is the projeftion of' 
the great circle whofe pole is at C i thtrn the points, 
/', /\ wherq this qliipfls cuts the ellipfes, Ada^ 
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Snb^ will determine the arc /'/, whofe correfpon- 
dent, 0y^ upon th6 tifcle ABR^r, contained betwixt 
the ordinates, y a, f^^ will be the mcafure of the 
angle at C. ^ 

C/) ROIL ART IV. 

204. But, in order to find the mcafure of the an- 
gle C, it may be eafily perceived that, it is not ah- 
folutely neceflary to defcrlbe the ellipfis which is 
the projeftion of the great circle whereof this angl« 
is the pole : for, having determined, as before^ 
the points, /', /', upon the eilipfes, ACa^ B»^, it 
from thefe points we let fall upon the diameter 
QGy, perpendicular to GCP, the ordinates, /'a, 
f<^ 5 their prolongations to the circumference of 
the circle ARar will determine the arc Py equal to 
the meafure of the angle C. 

Problem IX. 

^05. To ^nd upon tbifurface of the circle ABR^^r -, Fig. lu 
i^y the projeSion of the arc Ai let fall from the angle 
A perpendicularly upon the oppoftte fide BC ; 2®, the 
values of the fegments^ B^, C^ of the fide BC 5 3^, the 
fegments of the angle B AC, and 4^, the value of the 
perpendicular A*^ 

SOLUTION. 

Since the arc, whofe projeftion we feek, is part 
of a great circle of the Iphere paflirig through the 
point A, it is miMlufeft that the line AG^ will be 
the tranfverfe axis of the ellipfis which is the pro- 
jection thereof : mpreoYcr, fince this circle is to be 
perpendicular XQ the fide BC, it muft ncceflarily 
p^fs through tbe|)ple of this arc, and of confequence 
the cUipfxs required alfo through the projedion of 
the {aid pole : therefore, if we take upon the radius 

R Gm 



l« fiitypbfe 'Of ihfe'^e' BC,tea»^^ll-^one of'tht 

points of the ellipfis to be defcribed ; tten," if 

through this pJilit Z we* driVia !iiie Zf perpcndi- 

Kctthfly tbrtEci^lfliattieteniA^iafidr.produte.ijrtill it 

'«itda ittei^ittoonifiirdncc: itf ri» chrcic y^'Or/m a 

]^tdni 0^ 'und lijoe^fe take opiaRG a linev G^; a 

fbuitktpi^iq^d^idiuJ! tb the liaes^i^tv^fZ and RI& ; 

i^^ipfis A^^^)ddfcfibed^tij^(ni xfafflTeoH-axe&^A, 

6fi ^ar bb dieri^bimi |Bic$e4tiGfr^4^ the circle 

vperjpdndktda»%^^!,^- '-C^ Eb i/fi L- i'- • .. 

.. eiiksitheflde'^qv^i/^^jdrsMk^erpctfdiisalarly to 
'Xiierkdius^GJ^iihe s^fi^//^ IS^jfwtiJ^ be! the Segments 
^bfiiche-frddBGdh%f£,:4i 5xh ci fi:i-p- 
-jnr.gfjlif a« tSiiwpaiia/i^'i wdtsik ^pcrpeiriflicuferiy 
ioixhe sa(£hs,£Rv^the(acjai; %FjoD(d', ^-Wrjl be:^e 
^ibeafiafte pf tBe^rocpt»ytBii^rfiiA^,.ti^^^ 

•nkk.^ v^iH-tegSe ^ufe><sB;tiiD^rpendici*taar Ah 

'^4>Pfep-i^t} ')i'b yd 3/.. .;'L LffT^;:: m-.' -.• ; M';i!'r. 




B A(Ji'iVity f Wb fe^^al^^r^,^ it 1* WWt 'be tBWl<^dl>y 




c^ . ^- - .J — 

given in art. 2tyy X/iftly, it is^ ifikftifeff, fr6m the 
conftrudtion of this Problem, that the arc Rd is 

^ual 
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eqga,K«>«he WG'^^;psrpeRd'CvJ?^-t5;*e;fide^G, 
fi«ce>thfl'ares,iAS«»fl>,.9flch,()0'i,iJi^^.q^,paft-.«. 

icomwton. -.j.y.T'nh o<\ v^ >ft-;l!b -jiIj tr' ^i.iroq 

■' '■ibj'.^li'jftwi^obftEUjSttemnactiriAljbiBadi -(iiEto a 
-Tery^A^eind^tGetyUeganoddnioofimtuln t&-om 
^ otthttkitvoaaiiraiia^eaMf M^a^l iatalfi it&m- 
bllh^ that^whiGh,?hBihtirifctfi Hanbi^ypmi^JlinjOTS 
Treatife entitted; rf^^^ax^Sate^m^i^iri^iiCitnobts 
Ctfg^niiilife'o;'^ ■ lo i A .j^iiyfagicfeHTmHieddthfeie'vwal /-/j. j,. 
parts fpeciBed ihitjii ^egfuk^oPmBblorhnb^jthe 
methoddbawg»v?ii,ia£i^OffcKaJ^ty, Al, o£ the 

then -^m' thel ]I^e^ as ^9010^ jsit^ a) circular ra- 
dius equal to the artBC, id^ribeii Mflfepbihcle 
. Upbnthcfiirfaq^ -iifc-tbe- fphmejcfjid h. will'tpani- ■ 

mo4«D\*er, - ffiroi^lhathff poiwd, ^t^ ki draw^ttje 
right lines, FC/, B7«fi> pataH^ .t9 (^ /(W^AieAilC ; 
dnittt is w'idaott^iaiiitht^awriA/liwiUliiKtqii^l to 
theapc AG,r;asaifojth(rfTdDAbfecpal^-to;thfijftr3jA^» 
.Which- is'the]ftifi'<;i«nde>QfittHe:jtig9Rieltt»4 ^, j^.C* 
formed upon the faid arc AC by the pferpen^cijjar 
Bi, This beinj^ pTemifcd,tifiiii«efcin the next place 
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S P H E R I C A L 



in feveral Treatifes uppn Qjonics that fvich j^/gfUfM 
is circular. -, Now the angle Aa^, being:, ftarifwd. 

by a tangent ^i\d,chorJ> wi|J be-^eafured .fey-^K' 
the difFerence^pt the arcs, A^oiiAfh^ c^mpKJfed 
between its llde> . ; ; but, AL^^I, and ther^re, 
AFa — A/L ~ AFtf— AFI = <aI =tfL; when€e,.af, 
the half of 'this; .Uft. arc is exadtly the n^aii^iji^ ^ 
the angle alLi the triangles; a^.^/^^j will ^..^^^r 
lar : confequentlyi; tjhiff Cone wi^l, l^^cut fu^cwtttr 
rily to its bale^^anctpf i;^ur^^^ 
upon /L projeftcdjpt^^jcirflq^^ pl^i?^ Aa» 

This proved, tWlt]m^QfJ(cl^ 
Aa: : Ax : A* ; th^,!?^^ 

AC, fV to the tangpUoj^Et^£fy^ AB 

and Be, fo is t^e, tang(jffj^l»y^ ofthfi 

fides to the tangent ofr half .fht^^ermcf: of tbi fegments 
ofthebafe. ^ t.'^^^.;., ; ^ . ..rv;.^,. . ,-■./:/]: -/ : 

In order to be cpaVilic^of the idf ntityc^thefetjwp 
proportions," it miift ^ ojj^er^Vj^ thar^.^y xe^f dijrig 
the diameter A^^. ^s.radiusi th^JiufSj; ^K^ AfV,i;Ax 
and A/t, will be the./^i^;8^9f lJheangk»,^/^K,,A 
Aa^ and A^^,at the pouita^^nd that^'a^ thf;^j|^glii$ 
have their vertices in the circuniiiference io|i fi^ cjiivli 

cje AL^, they will ^bemcafiired by^th^* h^Y<$.. of :. 
the arcs contained betwixt the}5d^<s:'bot> t^ik^-- 

A/ is, by conftruaiion, ^qugl ^j^;.|3?i^.ri^9t^^' 
the fpherical triangle fiAQ^ iji^jarcr tf^J^iitta^/tbfi. 
fum of the fides; ^B wd BC V-AiJCA 
of thefe fides, and, A(7 to, tlj,e3T^ej?e/icft>i^^ 
fegments of the b^afe, iincpji|ie>^^, ^A^kjA^guacc: 
contained betwixVtheparaUelpjlgjn^ ^ 

confequently equal. ' /' •-> -oj-qi' / 



•K>» *^ 



Scholium III.o 

208. From the preceding demonftration it may 
|)c colledlcd that two kinds of ptojcftions. haveJ 

been 



,iwi^ja3.1i^?.^ 



» new ion oi grapnicai loiunon. 

Problem X. 
209. Given the three fides of a Jfberical triangle^ 
BAC i to find one of (he angles thereof^ hy developing its 
parts. 

S O L.U- 




■1^ 



>s^ -^^r- 23* 






*^" 
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SPHERICAL 

fi 01. U. T I O N. 



UpoR ^ aDj| Jcirde, BAC^ ; t[Ake the three arcs, AB, 
AC aftd^B(Ir4r«l^eaa\rd^P(I]fiiaito the thi^e fides 
of theit^hglt'^tfeh{5fo»aft^ibi>^re required^, and 
h^Tirig^cftWfi ^hd fakiws:eA4lf-it be theangle A 
whic^^*fe,^?cwjutd' find); id the /^^i^^fff 

ii^AD,^ t^Aiiofl:^ atrfami K^Ibyithie prdk&ftgations 
ctf tte '4-aidii)ii&©<^nd->QB-il chert' 'Upo>l the radius 
Gd^ f^c^\Ct&f 2S^4^- m^mtcbBtty; mkt the line 
@rf^ :«qiiwl teMfbe-^^ii^^<irf >«i^;th« fide AC ^ and 
l>(>mthejpriAts,'Di, A^as^tent^sv wit^ radii, D^, 
Ai, Lideforike fcwbf 'dirtiJ^tel^riihys .iftterfefting each 
«tter ill «hi^^i0i:>Jj^ ajft{ia-h©y<'mtl give the angle 

^AO eg«al)to^hcaii^AiiDfiihd t Afingfe SAG.^ ^ 

3^t mig%t^finH{b;ria>^imite- <oh^tiftri>Tf theochet 

.'I'WfrfeliiKibltty^ it-i$ruevidti?^A.ciftrri€s)iteitJiiit its 
own demonftration •, for, the lines, AD, Ad or 
A^', being the tangenis of tlie arcs,* AB, AC, and 
by conftruftion perpendicular to the common in- 
terfeftion, AG, of the planes, BAG, CAG, the 
angle formed between them, when terminated by 
the line D*:= Di','will manifeftly be equal to the an- 
gle A in the triangle BA C-f. Q^ E. L and D» 

Corollary I. 

210. This conftruftion, it is very plain, might 
be made ufe of in order to find the fides of a trian- 
gle whereof the three angles are given, by apply- 
ing it to a triangle whofe feveral parts are fupple- 
mental to thofe of the faid triangle (arl. 130), 

C O R O L- 



^^.^ 



f Should not this explanation appear- fufficiently clear and 
fatisfadlory, confult the firft Theorem of Simp/on^ Trigone-* 
metry, p. 23. 



THIGt)iN:OMETRY, xif 

0.0® * iJLli RlyOH- 

tion= mayfibe.ttkQvyiteri^ppUfed m ;tj^^ fdliaift»/a6 A 
tiiMi^e^>whprTO£w(>d5^ji and die thd^ed»to^ 
are^knowflii .FQf,thfcafii[ig tafcen the ftiocfl^iASif^^ 

nated by' the r^duv.fG^iclGG*(:pt04toc^^ *$ 

ncceflary V w^vn^ad)«ily^ m^ef> iflw>[i(»gk ^)^^ 
tqual mthe.an^<h^<yeh,i'Xafce Afcei^vwd ta^bt teiff'- 
1^;// Ad^ aad rldr*v^fi*r;'>':i:l*ep^ . j&bm/theijp<»mft G 
and D/«sjei«^»5,^thicfec?JiriiidS^ 

from d)fet|>d^Qf :tbtfir%t36iiit^0iKli^ 

means be determined eq.\9l^fi!QirthQ)^fliiM&^iTifi!PKn 
whirac6itiie<'0ther)a|igklsin^yih» ^;«li£yrjdriA^nei. 

^/ -G/i /-';f'fl srij ^loi ; noi:ri?'?iinorn'.>b ifvc 
.: . .'jI\ Mi.. .P'>'\n ^[b 'to l^*^^^^5lM adi r'!-:)d /-"" 

J / n A .i .' O S O O . 












• .** **1[- -^ A-» 



CHAP, 



;. ' ' ' > '> 



tas : %T»^ k^'-l^^A L 






>H<J^ 



^CHA'P. IV. 

Containing the Analytical or Algebraical Rejo- 
hltipn ^J^hefical Triangles. 



M. ^ * 



A l^T E R T r S E JVf E N T. 



« « 



ALL the c^culationSj^which we fhall have to 
make in;;his Chapter, being founded upon 
the conftruftiobs given in the preceding one, it 
will be abfolutely neceflary to under ftand them per- 
fcftly before we proceed any further. However, 
that thefe calculations may not be rendered too dif- 
ficultfor Learners by frequent changes of the figns, 
we (hall ufually apply them to the 17th fig. the 
feveral parts whereof we Ihall denote as in the fol- 
lowing Table": but, if any terms happen to change 
their figns when the formulae by this means deri- 
ved are applied to other triangles, we are from 
thence to conclude that the angles, which were 
before Hippofed aevJte or obtufe, become then ob- 
tufe or acute \ ox that, thiifamc changes are made 
with refpcA to the fides. 



^ • V 



A. B L • £• 



Let the radius be put = r, and the parts of the 
triangle BAC exprcfied thus i 



Sin. 



TRICOKOMETRY. 1*9 

3h. AB rrBKcrA C*/. BAG r GJ f. 

O/ABrGK-*. «ii.ACB *^^-~. 

Co/. BC =r GX^W. r«^. AB a ^. 
5/». AC - LH or/H -/. f^i^'- BC =7. 
Co/. AC=GH-f . 'Jwy. AC =? '^. 
5W. ABC=N»-Ji». y-«V- B =5 



0/ ABCs G«=)r. ^««^. A s= ^ 
5/». BAC=Di-/. TMg. C = 7, 

Then the conftni6kions in art. 1 60 will give the 
following values of the lincs^ CXt.Q^&c. 

CX='A CH=f;\ 

C/^^-r CL=/+f 



CF=^+?. C/=/-f. 



For greater expediti<m and certamt]^, and te 
prevent the trouble of recurring inceflantly to this 
Table in order to find the analycical expreflions of 
the quantities it contains, it will not be improper 
for the Reader to tranfcribe the whole upon a piece 
of loofe paper, and carry the fame along wkh him as 
he proceeds in the iblution of the feveral Problems. 

Problem L 

212. T<f find the relation betwixf the fines of the 

S . angles 



angles and tbofe of the Jides of . 0ny,fpberical tri" 

/* 1^ ** 1* li ' t 1 1 /^i' 




f » * t^\r\^m-j[dq^ which,, f ft?r iHitping i»^. m 
the'p^ace of r* — «% 'and />* for r* — j*, become* 
i?'»^p/-/'-^ tl?eiii!^ if '>weaffKtfa(£Vrtimfq\iare foots of 
the members of tK}& cquatioij^ and put thefc roots 
ciritti^^fbpiiftiofi^ wiify^ififiAy,:f tf9if<- fn \ «hat is, 
5/«.^BC :/in. AC : .: .^7;^. B Ap ; j?». ABC : from whence 
'>TlsnjaYi\M mt%" ^ JpfiefltdT fri^rtgfei ?fe 
yfw^j <^/ /i^(? ^^/^J arc to each other as thofi of their 
/^M;?M. ^1 t E, L ^ a.pv V .;/; ,,, :• T. . 

' ■ * * K 

Problem II. ' ' 

fm^^'^mP\fMdlfraM's: ^aM ^-V iie third 

|j,0 t^. tJ T I O^N. ^^ 



O 



^'>-i7- BAC^e^iKeJbartsffifehi and^rft k-be fifft required 

to find thfc.^Bgl* B..^ On acdiuiit orthe flrfii- 

lar triangles, GKB, GHO, wc fhaft! hSve, -GK: : 

KB : : GHyf^jtiOri ^fV/'^'ii h ^^^^» ^^ ^^^ 
conftrpftion given in art. i6o we flull have, Gf: 

hQdi^U^::^£Ur^ tftc^g^ J/fcaJiifihqfiaffti^^QJ^pr 

* This will eafily appear from the 5 th Fropofition of the 
ad Book of EucItW. K c 



CH+HO='"+j. Moreover, it is evident^that 

the angle OCXy1nQicIri|lit<ln^e^t3angle CXO is 
cquaUtq %'dnglfeA/GBo iwhiarftftwi ^ 8)*l^get 
f«Mi»,fitndlhiirity p6 tyUaoglt§J=RD:<(5flA^jPvi;CC) : 

GX&OiSnd 'cW^'aiMy^ '^^^^^ 3£,i,Al^fince 

thi;'iiii'es;/lti tee^ytf jk^J'^i^'^pMonai 

«G/of UHi!«ttit«%,rft3(4*-4^b):TTr/.<(f iyi# f w^ + 

^ :■ rr-*3'»'}jlfWl«Birf»ncovwit" git ^[j^ii^ii -il + 
■•.''■• J'iq bnc ^oijfirjp* ^uij "io eiadf..' .• 



« ^ ^ v< 



that is to fay. Tmg. B = I JL^^f^^/^ 



% ^iiH. 







and put f in the place of =^ in the equation——''^ 
if. Vl 6 I T ^ 0^2 " 

.^ :;1j 111 t^^'&oc nO" — .aj*Iga^;*.7 ...ic. * 

214- It IS evident, that if *wVluJ)pofe different 
fides wtth^thiS tncluded angle ^iv^n, . and piirfue a 
fimilar procefs to that whereby we found the angle 
B, we Ihall get the following, formulae i 








changed, according to^&ic different combiaatjpj^ 
of acute> or obtufe angles •, fo that, wheneVer *wa 
would apply tlfcnyt^ inf *^fcMai^ cafe^ we nnuft 
hgjr^^ij^ tp^th^ (»iifofera^9s7(Ewiinftaj^^5. if 

AB, AC, and their inclu^©di)a6^i Al ?$i)ffftttfl M^6 
fli8i]L£ria|A8^^ and CH^ 

^t^ h< bv^trvHyaw equal ^to HO^eC^ 



fore the 2j»?. of tfle^anele B becomes == 



z a A .^^».i 



■nira»*aa«a 



-; — a~r\. " ^"TrT' p jL ' " " r ^-^^' ^--^ I n T ifee i^^rifer 

y/» AB X cot. AQ^co/^m X f^/' ^ 

the term f^/ ACvccf A would become negative ia 
the formula fopUie m^^tfifi cfctlseai%le C,^ &c« 




■ It ■* 



{lti\\ 3v/ Las .yicIioio''J iiiil '^ri: ni bnuot di-\ :"■ 
: jr. S O L U. 



T R L'G^.CDN O M m T A Y. tj^ 

For facility of calcu latian^ we^ffl tijSpofe the 
iides AB and BC witk-> tht> iriJIttittd'irigl^ ^ t«» 
be the parts giv^^.ttf^, it is mani feflyjhL^iili 
we haiveftO'.dd^'K'«o-€iid-tk(e Vahte itf the jnelH^ 
or cofineGHy of the fide AC. Htr^jtf jrder to da 
this, we (hall get frofti"$Ke rightaiij^^-stt-Jio^sk 
GKa, CXO, fg/ A^ x/fife AB : : CX l.Xp,,Q4:,^ « 

..: :'^ :^"; whencetCiOWtj^^-|C^4+^ . 

likewife, from the gn^iiS-»^le4 trbi^I«$~SKBii 
QiiQ,;y.e IMUj^et^ft ; c^^ M^ : ^q^.PH^j^r. 

•' ■" •* ' -' > -^^ o? ^ ^:^!r: 5'> ?rU''lo ••.» ■ "-r'^j? to 

gk'^Fe given; ^e^ltoH^fca^ thJ?tdlov8^ 

for finding- tlie tM^WiA^^^'t v-rr i,':jAi bar. ,JA .HA 

217. From thefe formute it will foHowthat, if 
V be called the^Jr/ei^ff* 6f%ffy*^Ie C, we Ihall 



have, y.^.V^^^ t^^ f ^^n,^ ., - .^.F^^rJef ^r75 

V be put itethafitecct^rfin^Ci^^ 

/(^ AS tound in thejaft Corollary, and wc fluU 



get, f<j/:AB^I^f^J^0><if{/".L3C.xR+/«. AC 

Ihall find that, « = .. - „ rnSuRQii&^BC, . '-^ 
■^^T^|^^ifo«35it^«iJ5^«H»g'We- value 




cffttt. AC X7?». BC, deducfca°fi6m What hath been 
demonftrated iiv/vA 26. 

t. % V ,„.«»$< 9.^ P I- ^vA I^*\ III. 

values of V,we fuoftitute For cof. BC — AC — cof. AB 

what may be^p^c^pcfd-frcf^i.^e demonftration in 

rJ' 57 to be^equal to it, there will arife this ex- 

• ^ff a! VbCI^ao' • Ab>ac-bc 

-:farACx>.BC ^ * *"^» ^y «- 



trafting the. fqiiaie roots. Sin. i C = 

^Ci »Lri/ i» Ai ^ ■ ' .*•" ' ■< . - -J. - ■ ■ ■ ■* ■ III 1 11 



i> V g ■' 



' V^«. AC x/«. BC 

which is the fame formula with that already given 
in the fecond Chapter for finding any angle of a 
triangle whereof the three fides are known, and 
flicws us the ufc of the algebraical analyfis in the 

difcovcry of different formulae. 

SCHO- 



T R. I g 9 N^.^^^%T^R Y. fj^ 







te^^:^::^" 



□.•\^o 



Problem Iy . 
I ouej^^nd ihi anzUs iiov^ if : to find 



Let AB be the fide given ; A, ^.^he,^ 
a bpVjC this, fitd^»^ and ki A.C-bc.,cu« ot Ae-flc 
Tequircd ; tnc/gifi 




m the nrft pla§ej^i. ^,^, 

for HO hr^MMy^n'MYMA^y-' 



•^^\x — — > .i^\©'M 



'X3. yd fbnB : ' ..,t -' -^> ■ -. 

^ ^ M n « i >i jM < ) ti II .>^ -— _. 

* _gmePjJ b g_grg^, I. /K -^-^X^-isi-^H — Cff ^"^ and, by 

will be = "Ll!l3>L!>)ifa^ zizJZJ^IL — 

^0 H 3 8 



^^ 



ig6 . i ^T B B It Kr A li 

GH : H0> «r» 4 • 4-- '- S ^r^^ ^ O : wc have 

*+ CH— ^ - ^5 - morco vov froiii the tigte-an^ea 

triangles, GKB, CXO, wc fliall get, R : f^ AB : : 
CO : CX, or, ty fubftitutrng^ the analytical values 

^-0n!i»'propoftion> r : * : : f ±^ : ^^ 

. : laftly^ Gnce the lines, MG, ifG^ /X and CX, arc 

- * iroportiojial^ we (hall have this analogy, R : caj^ 

\ : :Jsu BC or/X : CX, oi:, algebraically, r : n :: 

^.fl±JS^ y^litnct we deduce, ^- = 4f + "r» 
%ad by rcdui^iofi, ^ = r-^JT*. or, by fubftkyting 

*^ m • 

-^ .yjstly?^ rf «iie letters, ST-i?/^^. AC ^ 

^ ^^Jx>.A:r4^Bxr.y.A : ^'^^^ ^1^« %^ — ^^^^^ 

'jg^lacc when the angle A is obtiife, and the fign + 

WSken k is acutd* We might find in like manner 

'«^. In order to find the third angle C, after 
liaving found either of the fides, Itt the equation 

^ = ^^i. T" '^ refumed, and from thence 1st 
-tfecre be deduced the value of -r 5 and we fhall 

<-fir/:ABXr<9/Ax//r7.B r^ TT ^o T 

^ ,.■<■■ ...> :- ** ■■ *» • vj. ill' 2 1* 

Pao- 



T H I G OmOMf. T« Y. t3^ 

€e4ing Proikni ; // is required to find 4ie i&rd aigle im 
ixp-effimdf Jbe fides am a^a.^ivm^ . ' ^ * 

SOLUTION.. ; 

That we may die more eafily obtain afofmi^ 
for the part fought, we will fuppofe the two angles 
A^and C with the fiefc-AC! to be known, and die '*• ^i 
angle B to be that required \ the fine^ m^ or coftm^ **' *^^ 
n, of which t^vSt confeq4iehtl]^ be cohlidfercd is 
unknown. Then iv:f Ihall firft hgyje, by the.com* 
mon proporticm between the fines of angles and 

thofe of their ofpofite fides, fin. AB or BK « (i^ 

t f 

and, fin. B C or /X = ~ i in the next place, we 
Iha,ll get from the triangles, GKB, GHO^ «^ 
AB xM^ AB :: GH : HO, or, ^r-^--pii 

• r" • : I" : - x . =s=r : we have alio by 

conftruaion, R : r^/: A : \ Jm. A C: : C H, or^ 
rig^:: f: -Cj — CH 5 tod confequently, CO = 

HO + CH = ^ , f * ^^ ^ , + ^^ : iikewifc» 

I from the right-angled triangles, GKB, GXO, we 
; Ihall get, K : cof. AB. : : CO : CX, or, in ipc- 

cies, r : ^r^^^-r^^ . . /sf +/f 

m ■ ' V' r* »»* — /* A* — r 

•rrX*^-* ^-i- — = CX: moreover, 

finsf 



*3» , :y ^ f ^ ® l^ * <f^ ■*> tt 5/ r 
fing5> !^i;p«,?ft /fiSCand. GX>jsiBf jm^wj^tjodi, vi*r 

flfflf, have, R, j: ■ ^^. B ; r/^ : aj CKr. ' ory r ■ : i » * -^s: 

"■-ibfiJ'-rT'j'' < fiiJwVii!; >■) i-'JJ'v; ■ . •,.....1, ■ ' ^W' 




*F ■■ 



each member ^f ^t^hU eqtiafiq^ by ^j and take 
away the radka^y W5.J5MllihW€i?*^^*^a|>j^i« 

^*li^' =* J* *»<' rtTT' f^k ' r 'j tl^ ifwe pot r*^ji* in 
*^.rf!M^!i.<«ft<»*#^'tf iqC'^'Tt'f'i' and' divide th« 
i«(SI«i"BV '^;' t^^'ihaii get, »'*— ^*=tf'-* 

Tpr -- -^4^ 5 wluch^eg^jfi^ after complf ^ing 

the iijuare acco'r<fmg to the 'common rules for qua* 
dratici, smd different redudions and fubftitution^ 

Becomes, ^ pr- H n— = ■ -?- j whence 



>t<C, 



/». A xy?»-€ X f<7/ AC .cut/. AX cuf. C _,. 

^^ RR T^ii : Jt i -- • ' W« 

might fii^ ly fimUar proccflTcs that,^ Otf.:<^ p^ 
*- ; ■ . ^^j^». ■ jrr < ii ^ j:- ^»^" » r^-'^ < . . . and Aat,C57/C . 
.A J ^Jb x>«/c^k'c(3/:ac ^fe/:BjCfei^c ^ « ./ 



M' ~ i •.'■'%• .. '/ 



]^ E M -A'itfK^v -'^ ......: -Tau 



Wi? ija^ht : have avoided . att the ijcalcidfttkMfi 
^h^ch w-e Jjave=»a;iade; in order to obtairt t^ folu- '■- 
tion of this Problem, by apply iigg the formula in . 

^f.-m gf fe >^ Mai^glc^ Whofe pm'Siwld be fc^- 
. i'l^ i ^- rally 



cf^f ^^'^w^" "^"ter to hod«this valUTby » di-' 
red procefs,. that we uu^jfu. ifiinjipinhe W^iO^iL 



•I 






this fi^,._bX^>vm»^ |te liigicm^ ^4^^*^^ 

-■ -t'r.-"Jj.cffl bne anoiibubat ■'nr^isBib bus ^aruib 

. ' 'l2 g: Uiiftn inoo \fi«r and an ahgk opp^e fo etu 
tf ibem ; Ie.£»d i " , the a^eM^td^httmmf^^^ 
/t^^ 3w¥i t»iJimjAcenPi9:tbegtvm\iHgk. 

,7/ — - s cii^rt toTN: ^« 




rofumed, and the va&ieibf, .^S^ ^S' «t(whicharctte 

Ta glc 



■. /J 



bCtA% 



andflB^flth 









; s " { f 



.\5 



«>^i;W£iild 







expreflio|i/Qr x^taiisfnt qt,^is aivjgle. Q^E. i .1- 

icn will amount to the rame^ 







/X^ ■<»/&» NpX of this^sfidiBqi Ml laisfc? 

,_ *t S Y-- -- r ^i>. -*- ^t -A "f. vg ft •r-^i '- 



E 



r^xi 



*>A 4- 







J_ i<^.K^t^.^ 



«fati> knbvii Viiles ^fbl£^fob«tg^l|lii3dn<a^ bftaF= 



agnr 



<i±^ 



T R t<Pd ^ 6 ^"^r R T. -ikt 

might lilrewife fiAd iranrtiie'-^bdw ^i^igr>)j4c 
value of the c^ne of .B C ; btrt, as the expreinon, 
which we Ihould by t^is'TTitadS4:)8ttiWi;:*(^ 
confiderably too complicated, it will 1^ necejOary 
to inquire whether ^ tKCtr^^tfynpleio^ c^tt^n^Ac 
.obtained by a farther^pUpajioq, ^irrp^^^mif* 
fg. 17. For tljK find,., the, reftanMed tnangles, 
GKB, GXr, will give, cof. AR: KuiGX-TGr. 

or, b ir ixd : ;p^, whdnce^^^H^,GHmr>Qrfy" 

g — X • ^^^ ^^^^ triangles-will fifcewiftTglver^ 

AB :/»: A6 ':r<JXrTXl of, -^Jil.Tr^ili ^j 

alfo, from the ri^tf4»gk^ tri^gks/ GKB/ CfJ^, 
we fhall get,./«; Afe ;-R : : tBLI Ct^ 'xiivi^ r 



dr pr drr . ^* - ^ 

T-A. or i^A :«= — r- + Y :: — : morco- 

vcr, on account of the ordtnates to the "circle and 
eliipfis^, we fiiih 'have, GM : <Sn ::/X .*-CX; 

«r, ia- ipetifis, r : i» ;^.- ^/tf^K-^dd,: #v,;T"«.^i'f , 

iTom whSehce w^^ imrfiedritaly get,;^» v^'ir>*i*-1// 
** grr -^ -^/r; and . tjfejer^fore, d = \ • f r> 

^-T ^e^z4.>„x . — TT- , We .m^ht find 

m like m§nner».by ffllving anotMr <5fuadratic equa-' 
tioiw Sin. BC or C =*^:^ ^-^ V^^FTTv^^Z? 



fl"»»^ -J-'^^r* • • > 



and from, diefentwd values of rf and ^ deduce 
that of the tangtnt of the ikme fide likewife. 



•4 « •■ • •« SAar*-.. 



Pno- 



"^O \li\M 3d oUb JflSL.I i0313ffj tel"^«Si\ 3f[j loJ 

P R o a L E M.I Vil.3 ^ .bsnUj 

— - - -"-fe 



Jmr\ to find 1 °, the a^ffcenrMe j 2", tie thtraatt' 

ni 5l§n£ iidj^o astiVprij lo'i noiTlaiqx^ p.i, nicido ci 

fide given A6, 3pp^t^1iaE tliswu^iiIB .bood ^ 
: the fide AB be tha^jeq iii rg | i i_ ,yh<^ jjvt ^^^cyia-^ 

coiitiiBi*-a!l the given 

: ABj, wc need only 

d the thifg"wil^ lie 
done. But, ttn^ye i^^ t]^9(^''it'*F calculation "as 

*ib^1iii^^B^r Sf thi aboVe £^t^n^3^^^^(^eft 
put t for the ^^H^, 'Al^iU^ fide AC j s for 
dda AU/i%aKft j- tyfW ^er&,'^fld' ft^lc^-the 
;. vA#ifl0¥teUifldt«f»»iil¥?'^ii9^^ctoe4ttai(^^ 
Decbmt,\*y ^-^'^A or, j ^/ r -- a* = W — a/j 
6ofl d^noei :by-mffiig thd-wheie to-iJ* fqijaK} 
and fclving a quadratic, we fhall eafily^g^t, &'»- 

■^ BhSaf 3Cl Tliw a,.?jli,i3]j:ilS fa,.3'«fe I9i8*« 
lig|ii«i3l)^e-jm;i&^#Jfl|t& ^tW;^r ^^mS 

valua of the Cd MitBaatt^iibr feiii '^DriSst 
3a.«vx'Ji-.» for 
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for die tangent thereof might alfo be eafily ob^ 
tained. Q. E.H'i I.u .^ j a o Ji T 
^z'^.Fotthe angle C. .Since the aoal(»y be- 

fite fides gives, /». C « -^^^^T^^rfi^^jpr^ 
.to obtain an expreflion for the^w of this angle in 
given parts c^lQ tra6li*yJ5tQa2manifeft that^ 

-i^ I and, HhAffimiAj anfeviiiBRifqC ,3*. navig abfl 
, a". La 

££ nohiluaiiia yf^ijjbg^i jj^ ^Ylfi^^ '"^^ .snob 

3i<^%l^ «iWt;sv,|C% ^\^ % ^Wi^kjm lib 
thcnthcconftHAfmof the%uregiyesjjs. /Xj 

j»^^V gjjr'(li"l£3 J'crfl owi .oijinbjifjp £ gtiivlril had 
T7T— »7;»MKlf'«i^,flll!!t^tuting the 

Fko. 
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, P K O B I- B M IX, 

?vs»5* QimemAe thru ^n^s ^ a fpbirical triMgte I 
m find mutf its JUis^ . 



»/ 1 • 



SOLUTION. 

' V]Sjr. ftiW perilling the analyfis arifing from the 
*conftru(5lbn of /^. 17. it would be cafy to obtain 
* an equation cofitaioing the cefim of the fide requi- 
red, expreft by^ or Combixied with, the given parts 
*«- **•©# the Problem : but in the triangle DEF, whofe 
parts are fcvcrally the fupplemcnts to thpfe in the 
triangle BAC, an4 whofe three. fides are given, 

:flttilhave,Qp/.D=s. ' y?..b/x>,M > 

therefore, fince the an^e D is the fupplement 
ta the fide AB, and arcs which are the fupple- 
ments to each othier have the fapie ^nc and cq/inCy 
WciHall get, by Q?ajting fuch fubftitutipns as the 

figure requires, Cof. AB = ^ ' ^..^^^^^b ^- ^ 

i-r — ►We might find in like nmnner that». Caf. AC 

fo/ A X RR — f<7/B X r?/:CxR ^ t- t ^ 

-- — >:Ax>.fc ^- Q;-E-*- . 

>S C H O L I U M I. 

227- If the algebraical folutiOns of the fixtli and 
ieveitth Problfins be compared with thofe which 
we have denK>nilrated fynthetically in the fecond 
Chapter^ we iliaU be ftrjjck with iurpi^ at the 
prodigioes difference which wflf appear between 
tbe .one and tie Mhec } iisy» we uiall be almoft 
induced u> beCbve that there is fome impropriety 



T IBL lAGXI N O M E T R Y. ^^ 

-In the algebraicaLanalyfis, whei^e fef how com- 
jplicated fome ot the exf)itfiidnl are which arife 
^^kmi kSi\uk^^ Th^ <tif&ceiKd^ hbwcver, deferves 
to be examined with the grcatcft- attcntion^^-^nd 
may difcover to us fome important truths, very ' 
ufeful in their apt)litations ^ ^jSor which reafon, 
,we ihall obferve that, when the triangle BAC » re- Ft^, ij., 
duced into two other right-angled ones in prdfT^tp 
obtain its feveral parrs, if we would 'find the angfe 
A, by fuppofing the fides, AB, AC, and the angle 
B oppofite to one of thefe fides, known ; . the ope*. 
. rations laid down in the general Table for obliqu^* 
jangled triangles give us the value of this angle 1^ 
parts ; viz, the cotangent ^o£ BAD in the firft place, 
and the r^»^ of CAD m the fecond^ whilft the 
algebraical analyfis fuppofes no fuch divifion of the 
faid angle, but difcovers its whole Jne or cofine by 
one operation : and therefore, from this different 
manner of proceeding inthe folution of the Problem, 
it is, that the difference of the folutions arifeth: 
which, neverthelefs, is not real, but only apparent, 
as the following procefs will put beyond a pofTibi- 
lity of doubt. Let x be put for xhtjine of the an- 
gle BAD-, then the formula, cot: I. feg. of the 
ftng. BAC = tang, given ang. x cof. adj. fide^ will 

^ve, Jli— 2X2[f z= ^^ by preferving the fubflitutiona 
ufed in Prob. VI : from whence we get, x or Jin. 



r^ 



BAD ='J^Jxfi7? » ^^d confequently, r^ BAD rx 

The Second formula of the fame art!- 



de in thefame Table gives, cof. CAD = j .^ 7 ; 
Mco.nfequently,>. CAD= r^r^^^-^J^^^L 



-aU^t* 



U therefore^ 



T4« ' ^ t H te K fC'A L ^ 

therefore, by "hi^ini of tbefe values, and firtce B A<!J 
=: BAD j^XrA©!^ it»-M^ill be eafy to find the Jtne 
of;thQ whpHi of this angle from the formula in ar^. 

'^ r \ * p — ."T^^'A X 'coJ\l^ i:jffi,B ye co/.A ,^ 
23,/;?. Aj:B=-^— : "^—^ ^ {iu])po^ 

fing'^BA D - A and CA D = B)j viz. ^3 

— = :^ T7 — ^ • — ; which IS exaftly the 

fame equation with that we found in Proi. VI. by 
folving an Equation x)f the i^nd degree. Hence 
w< may perceive, how thefe two kinds of folutions 
correfpond in realfty-jthougfi apparently quite dif- 
ferent 5 as alfo, with what fajdiity equatipns of the 
ftcond degree, which contain v^ry complicated ra? 
diic^lsi may bf> f^lved by 'tW^ aoalpgtes of fpherieal 
Trigoiwwnetryv - '\ .^ 

S c H L I u M lUJvr^right-a^gim ^Berical Triangles) 
228. But ihere is yet an^tKerdifferentc which 
may Jbe obftrved to fiibfifi Betwixt thfe^ fynthetic 
.aftiJ.^Jytical folutions <rf.thaBrjPxoblem^9f ipfacri? 
cal Trig9nonietry : fpr^ tlje formei- ow^ the Jim- 
pIiGit;^ of their fd]rrp.uli£ to'this^j^^hat we bej|Si with 
Iifi4ing^values for tHe moffi ^niple cafcs^ And^dfWr 
wards refer m th^m for the vaiq?^^ qf the ipqre'dif- 
fi'cillt and 'complex ones : whereas in the latter, on 
the contrary, V^^ fiijppofe "the foliif ions of general 
cafes to be equally fimple with thofe of particular 
OJies ;. arid lik£.wile, that alF particular cafes are 
cohtaiAed ia the general fbi±iul^, .m!^ W^Y ^. dcr 
duced from them with the greateft facility ; as, for 
inftarrceythe ^fc^er-al iWmuIagwhieib relate tp right=^ 
%n^^fphcr}c^l triangles, byi:^jid€ring that the 
/??f.Qf..a right angle Js equal to fh'e radius, but its 
^^k . nothingi . S^hus^^ from^^ forn^ula; in art. 

^ get. 



-•^ 
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get, by fuppofing the angle A go'' ,. tang, B .=:. 
'^^^^ : in like manner, theformuli in ar^. it 6, 

r^/ BC = ^r^ — ML .■, : — — r» 

Will give, r^ B G = --r^^ — r, The angle. .4: 

being ftill fuppofed right, the formute in ^rt?; t^(^ 
will give, tang. AG =-^i?^^^ — ^^ng. ^^ ^^^ AB = 



^ r- ') ,.,,' ,;:tr^ 



li'M 



^o, ^ C z^-' — - j^. ^-' v,. From the yalae pf ff 
f&dnd in /^/. au'j we Qmll get, fey<fuf)pe^fing' tfci- 

angle B nght,/«, A %^^,ac . . " . ^^^ 

formula for* ther<?y$j^<? of A, upon a fuppoigion^that 
tfhe angje B is ft^l rights wiU be immediat^y t^. 

duced to,' f'^'-ti hecaufe the radical iA^thifil^(k# 

* so . 

Vanithes : therefore, in any fpherical triangle, right- 
angled a,t R, we fhalf have, R x .cof. A = ta72gl 
AExcoK AC •,' and, right-angled at A, R xcof,^:;:^ 
tm^.A'S^xciyt, BC. Moreover, from the Tor- 
lij.ula* ihv^ftigated in the fecond pajrt of the feme. 

U 3 \ article,^ 



■•'''■ 

.. ■ i* , . 
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th.e;.Vi4^e d^ if be rejlorecf, we fliall eafily find* ^ = 
T^*-=- — " ; *" J';;i>Vi{ij^i';y^4'- — ' ^ » wfeich by ruppofjng 
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a^^*.' -^v- SM^' we fhall eafily - deduce; 

faiG«^» -ii :;^ 0^ i ^^^, of, r^/. BC ^ ^^Ls^., 
confequently, in a triangle ^ight-angled at A^. caf. 
A C will be =^ . ;^j,J^^^ -, M >• A C = 

?^M:^^i5^, ' A^air.^^ the firft formula in 

yftl^^s.i jbm- in-tM fccond fprmuia, on the corir 
tmYy^W}^ r4di<:^i:(0^y'r€tmaijqs,-and we get this 

Laftlyvvwhen wfetmo^te, (b€ifi<fc© the right-angk) 
the tw© anglei above tfadhy^otheoufe, the formula 

in ^r/. 226 ^iJ^^ite^ p/^ AB = -j^:^\ cof. AC 
== -^^^M^.-art^iV^yj Ri^ihB K <r(7^.C : and 

henp ^e may reacjify perceive^ t;h^t it had beea 
eah^^^^ aifrive ^t^f^tejCjene^^^^^ i^ 

Wplt % f Igi^ljiraij^fg.^ proce|fc&,' s^ lyAthetic cqnfid^ 
r^iops. 4-T^^Jn' ^^ make tlip geneualityot 

th^^pj^^ecjino^ %n^^ farthpr^' 3,ppear, ^q 

J vefy'finjpl? 
iitttMf,w^ftM l6a^ i^td theeji^cife of l-earncr§j^ 
?fld;«d<^,4t;fc^c^l^ft>t pl?cft^ fOnje cgofideation^iupoA 

- r329 .i r8u^dl€)'a i^mpefidicAhrj M bt^ \f(ffi 'from, affjf 





Jegmmn 



>t ',' >i 



v.. 



TRIGDNJDMHlTRY. H9 

fegmfnts oftbebafo t^thpr adJacehiA^Si^i^^jhetf-^ 
iations of theje fegmehts to ibHf'tln^fpMing Jiaes\ 
3 ^j the. relations /if t^ figtw^s -ef^ the. im-fml ^^ 
Jo the\r adjacent fides ^ md^ 4^, t^e relations of thfjamt 
Ji^ments to the a^gtes^abovf the. i^afe. " ' ' 

Let u$^ fuppofe a jpprpt?nfiicular, CP, to be letTafl 
from the point C upon tndr fide AB, prodiiced if nc^ 
ccffary; then, it1«nar^eltthat, the Ates-AP ift'd 
BP, or the angles AtSP andfiOP meafui-ed by ffielt 
'arcs, will be the fegni^nts fotftied b^^ this peVpefr 
dicular: it is likewife^videint^thafv^the half, OC, 
of the chord QiCg will be t\y^Jim of t^e faid per^ 
pendicular, arid^'Ctfnfeqii^tly'GC^its cojine. TAIs 
oeingpreiriifedjfronithejnght-angled triaiigleO&i£E 
ye Ihall firft^t,^ Rjo<GC or i:#/.CP V: /m Va«i 
CH : alfo, fince the, line$, rG, ^Qj, /H apd CH^ 
3re proportional, » we fhall have, cofsK : k :^: CH 

\fin. ACi^ co9feguentj^y,.byvpiultip^y^^^ 
Iponding terms of thele two proportions toj^tther. 
we fliall agairtTtavg(r^Ayr;?^^CP^'^:/*^^ 
Jtn^ AC : we migH't'fifid by a'filnirir proems thk/'^ 
B mf.QV i^Jn! BP {'fin: SC^ "fend pher^fo^g (M^ 




or, which is thcJ famfe, that, "the Dines ^f the fegments 
pf the bafe are -tp ideh 'othep as U>e cdtangenti'^ '^f th^ 
^adjacent angles^ C^ E. 1 ^. I. & P. 

2 ^. Since*the atigle"GCH Is 'trie complement of 
the arc ABv* and Iflccwife thenasgle GGJ^^-ithevJCOim- 
plemcn^of thearcJMli the^iriaaigle GH^ wiligw5Pi: 
R : to/CP : : cof.^^ GH=:irtt^\AiS,Vad thetriafa- 
gle OCX, R^: i3^..QPi;:OT^ «B »43Kcs?.^9/: fiGt 
' • • - conk** 



9$» - .S PHEK I C At 

coijfeqnQtitly* ,fincc thefe proportions havt their twi» 
firit.terms t(^c f«Rie, Cef. AP wiU he : cof. BP : .• 
tof. P\.C \ ca/.'Bf2 } Wy.'The ajihes of the figments if 
^ibajji'a^tki^e^tbecorre^imdingjides. Q.E.2*', 

I.&D. ; ,. , 

\V^ mighi prove in the iame manner, bf letting 
fiii the ^erpcBdicular A J Upon the bafe BC, that, 
■ sY^l B> ': fiB.Cs: : cot. B i cot. C, and, Co/. BJ : cof, 
Ci-i-.cof KQ':cof. AC. ' 

3". Suppofe now that the perpendicular A J is in 

reality let fall,; and, that the fegments, BA>, CAj, 

of the angle .EfA_C^are_aftiially taken into coilCde- 

ration :, then, ,as we have, already proved, in art. 

2o5,. that RSj=? Aii flf will of courfe be equal to 

:u]ar.'' This being grant- 

tportional lilies, RG, fG, 

I ma/iifcftl'y equal to the 

e (hall We, R : «/: B'A» 

r, , tfnce ZG is (by art. 

jfe ZGfequalto the C6rn- 

th,e (jofrefponding" terms 
Dgether, We fti4^'ge^r, c'of^ 
j^:'S V Wrtiightfitidrri 

C':'fo/:tAJV;4/:AJ: 

flialidio have, Co/.-'fe;/t J 

\ cs[, CA^.:.\/:s., B Xcef. AB ;^Jf. C >* cof AC,: : 

>. ACx f^AB r^. A!S;»i*/ AC'i: g^ : 

ei/:'Ac" ' ■'' '■ '" '■ " ' " ■■'■ '■■''"''"' ■ '' ; '■■■■ ''^' 
^^v^ ;:rw^ AB^*rf. AGi^iiAenoelWeiiifisrrilirti 

■^''•. : J 1. . ■ ^! '. -, /J ■■ .'! .-. ■^ -I'l ' 

■^he cojinei of the fegmoifs of'thi yertki^l'dn^k are ds 
tbecotfingents of their qdja^etftji/ies.], (J. fel 3^. 'l,'Jfc D. 

A?. !Froin the propoftioni bf tF?^P kb^ J%'=''^ of t^9 
fi4^ JiR^j^^.fti^ tjfcir.onpouif anj^F?^ jn the righi- 
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:Jin. CA»::/m. B! x/». B :/«. Q^-Ajin^Q ii 
€of. B : «?/ C (becaute it hath be^n fleftidnftrated aft 
the end of the fecond part of this article tharV jbti 
B* : j^n. CJ : : cet. B" : 'cot.X) : ^fi^hte^if^p^ars' 
that, Thejines of the fe^rkents of thi vii^c'M^ an^if^^e 
to eaih other as the csfinh of the angks ahpvi tbe''hML 
Q^E.4M.&D. . ^ ^ ^ ^■■•\' J' ^ ■ ;-•■ 



angl 
alge 
phic 
Cha 
corn 
verii 
thus 
anal 

mea 
the 

tlie: 

If JVC fuppofe t^e fplieric'al triangfe^ BAC to i>e- 
wme'a right7iiA:d,«"ianglQ, .jtvwiUjbe'^eafy; tQ^n4, 
how the four preceding analogies will be theo-^^x- 
preffed.-^-.— Thcfiiifty3^»;B*-v/».Gai::iar.B i^^t 



'e are as 'the coiaiihiW xfWeir MjakeUPatMes^ f(*r, 

if Arbei^egarcfcd ■?% f adriis,' 'th^ffe' iWeS'irtit % m:' 

tmgints 6f the fegmeftts 6f-th^^tf^Itf»AC*, ^wHlefi" 

are the compteoients of the angles above the bafc.-' 

-: The 
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rtipiiu'fccond analogy becomes, 60 : oo : r 06 ; eo2 
^^Ths, third gives, The cofines of the fegments af the 
'^mkal angle in the fame .proportion to each other as 
^kr^t'hdr oppojite fides \ becaufe the three angles of 
>riy plain triangle, when taken together^ are only 
'^iial to twQ right angles- Laftly, the fourth ana- 
logy gives a proportion whereof the alternate ternxs 
are identically^the fame, viz. the antecedent equal 
to the antecedent, and the confequent to the. con-- 
fcquent. 
^ COROLLA RY- 

. ^ i%i . If the arc A* be firppofed to divide the an- 
gle BAC into tw© equal p?brt?s:-, . then, fince the ah- 
.^les, A^B, AK^> which are the fupplements to each 
• ©ther, have the fame^«^, and»»^». AjB :^n. AB 
Z'ljin, BA^ :fm. B^, ns-^-a^,^. A^ :Jtn^ AC : : 
jjw. CA^ :fin. C^i it will follow that in this cafe, 
S^he fines of thejegments of the hafe are as the fines of 
the fides oppofite to them-, ,#nid£Qnfequently, in a right- 
lined triangle, Thjfe f^gf^enfs will be to each other as 
their oppofite fides^ wl^enever the angle included be- 
tween thefe fides is. bifefted. 

232. If we kiokH back^lgpon the fevcral formute 
which we have difcoverccrby the algebraical analy- 
fisj we fhall pew^qm; tHiit, in order to find the loga- 
rithm of any wiilcm)Wn^ilarttity, it is generally re- 
quifite to find that^of^the Him or difference of two 
given quantitiej5i Now w^e have already fhewnthc 
method of performing thefe operations, and thici«- 
fore it will be fufficient in this place to make ttppM^ 
, «tionthereoftoa few examples. 

E X A IVf J> I- E. JL 

"1 i. 233. Suppcfc that in the triaaglc BAC we know 
the two fides, AB, BC and the included angle B to 
be, 41^ 9, 71'' 30' and 27*^ 8' refpeftively ; it is 

required 
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'<)bquired tQ find the angle at A tqr.the formula iil 

urt. ai4, tang. A = >; ab x r./.BCr-^V^ABx ^/b ' 
wh^re we affume the fign — , beQ)tifc the ,a|lgle at 
A is to be acute. Kow, it< is manifeU ,tb0t, the 
whole difficulty in performing the, Qpers^^on will 
confifl in finding the logarithm of (h^difno^inator ; 
but this will be eafily furmounted, *hy rc;gardii^ 
fm. AB X cot. BC as one angle, and /<?/ AB )Cf^ p 
as another, and afterwards finding iki^fme of dke;if 
differenc e by the fy mula t n urt^ (^o^ Jin . A -^-Jin, B 

= 2^^/^A4-iB^x^.XA^.^B. 

OPERATION by /^^ li'oc ARitnMi. 

9.8 1 8247 != leg. fin. AB. 9'9^^Zl t 2^ %. V- iA+iB* 

9.8^5'7«9 = A?^. ro/ X*. " • 19.653151= iog. to hijuhtr. mm 

9.949364 = log. CO/. B. • 2q..^<:<^02K z= A^.yft^. B X RR. 

9^826 153 = %^. 4i«> 435" = A. .i£f^5^ =»^.««aart 4s *> 23' 14"* 

E'Xi^ M P L E 11. 

234. Suppofe the lame things given ias m.the.^ 
preceding Example -, it is required to find the third 
fide> AC, by the forimila in art. 216, w/ AG = 

^:^Bx>r.Aftx>f>»iftC;4-f4/:ABXf6^.BCxR . .: Kf^^^.y 
, /. ....Jl&"' ''^ ' ' ' ' * ^.¥ W 

quantify ^^Qoni^red as the expreflion 6(^%Jhiit 
equal ,tOr<ihe fum of the Jinei of two angkj^aml 
the fffl-y^H l^ Jn <gr/. 91, fi n. A + /;/. B t=. tftn, 

\ A +^B x>«^ -^ A — \Bi made ufeof ; theopera^ 
tioft will -be perfectly eafy, ^nd performed as follows^ 

9'9m^^\iogy cqf. B» f A + jB ra 33<^46'V4^ 

9.818247 =: log.fin^hSt. comp. ; A— fB jaiSee V39". 

^.9769^7 z = hg.fin. Be. 

9»74.4c68 =: /^^./». 33" 44' 5''==Av >^g.^5529 zi: %/«. x a -f j B ^ 
•i*^r6f ft9«cay.%}'A|B* ' .- ;>. ■ « ."' ^ ^ ^^bil^' ^^^ ^^ i A- — i B- 

X Ex AM- 






154 S^P H E R I C A L 

'^ fexAMplE^ in. 




^j^j^quired i6%n^ffifc of the ingles of this triangle, 
.as, £h(? ^ngle Ai rgf iiiftance, fcy 'flic fdraiula in iir/. 

^he value^ jpf this' cipreflion will be obtained bjr 
'^me;^^ of theforipula in arfJgi^Jbt. A— j6». B, fcfr, 

^*^SitA*thc dpAarioh ^andAhUs :- - - ' . 

^.. ' ;, V^ABCzrigo.W . — B. 

0.18175 j =: 0r//i&. »m/.^«. AB;. ' 
- "' : r iOiiK>oa49 i^\myik^ <9mf^\frf^ AQ. 



/.:.^ J:^V8 m.T^f^y^>J^ i^ -7 t^r^ 



^^^ i'36; maS^y^ ^ fohitkmf :«£ the fixth and &- 
VfehtK IS-cjMeft&ri? 4<«^.'^*3 Wd 224, e^iuaions of 

* ithtf fecohd^^fc^ feaVci)eeft<3biKeriKd, it is mani- 
itA -ihat; ttfctt May 1)C «fea&l fcafc?s whmm wc 

-may ^ obfi^ed tt> • fol^^^uA^etas of this nature ; 

* ami as, mdreo^, alf the caddjlatibiis'of praftical 
' Mttr6n6rty are mad^ fey thte^dgatmhrns^ it wiD not 
^ be ihipfopei^ te'4Iitw hfeifeitftliwIfflSl^rf cdAafaiIng 

. ihcfefoWtibhs^^tTieTablfesJ^^ 
' ^/teifon we (hall anne± tile two following Problems. 

~ SOLU* 
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&0 L U T I O N. 

From F!g. Z4; 

the circle 
of th?,r3 
equal, to, 
C and pt 
minated 
LD, Lrf 
demonfti 

plication of Algffbr^t(j,Q^oniem!^'^f9f.^c to^otf 
AL andy?<:<»»/ Li ^i yp,{(^f.i^ 'i^^z,iXA-. '~:VPpi'^'^* 
algebraically, a + y/ga -^M. \rk ~,h : J-P (*) > 
whe nce we d educe, a* -f A y^ i»i + ^* == J**i <"". 
* \/ <M + M = M-^if'j !4ird_c^hl^^^iicrit4fi by fq«ar- 
ing both lides; rf-f i^ eqaaeeftr^riking out the 
terms Uiac defhoj^ \^d divi(litig tHe remainder by 

bb, X* + 2ax = th^h vvj . -i L- ; , • - 1 

Now, in orderi*'redu<Wthii-c®nftru^iontothc 
logarithms of the Xabks* 1« thei^ fe'i^iit ejected 
the right line FL^^fpifndirialaf''» tHcf^Xtfemity - 
of AL, and tcripii^ted kti P;\^ iiy^fc prolonga- 
tions of the chor^s^ Abi A^j :^'tH?lafiercJ)ords» 
SBi B<^,.t>e;dniwi>-w»rtiT*. Jte^ ^ing,ff3-fq<iljf un- 
deritoodi litil ?eaf)ij^ f¥ro«ivftitti^j|iHj-^q':<;igiit- 



tiil^>lati«,,be dctewi»e4'i>y/?J>Hi w*ipEy,r'!P4 ■('*) 
. i.ALi ^)5 ^jr 4,i{«H^H^QL-f>!t^q„flflt;gcwunt,xf 
. thoiimiar, itriangJes, , ^^Mii^AJ^^^Yf^^a^ j^ye. 

ASOju -tofi^wIj^ibBjhp^tofc^^^ A^);^i>e- 

■ ■■'->' ivru'f'olloi 0'.vj aS ft3r..-ii; iii:ft ^v/ i.o'.^^^' 

" The triangles koft'-and-ADrf aii: lAanifellly equal to each 
Other, aaddliiAinibr.tl^tho'trUTlgle ABF; whence, the angle 
ADi/ — the jinelc FDL = the angle AFIu and cgnreouently, 
LF=LD. ^ . - .^ ' 




j;,^, i^.CLrJ.4L<i.),:(irpnDr) <»}.) Gonfe- 

'Wffiff'fclftffl^'A'fe »l«B6a»«M tbeitslueiofirwa. 
l^^bajMl bvahcjogifjtbw,, (J/^ iP.Hi .. nf 

'wSiMSPflff'iniif'&i't*-*'' • '■'- LA,«'iii§ that;-. 

i ^4„,;<ii,f,;H« 4iiiU JM.VC, Bi : 

Up))' hjiys, M;<);.,^j*^rte|«(jji.,>mii)i /*«,&;»' 

wfill be the pofinve' root of the c'qtiatiop, w^l-r't<4 ' 

' •^ifc-.i.^felvrtfcnfiflAmbnn 'Jn'-.miil ''■ 

,',„■; ,,,-, ,h l,B;)ia!«'toE»DiUlp->'~™i «' I.;.-:' - 

tttMinlim.MA* titffil>'at<il''"''-'""t '' ■'' ^ '■'" 
/■*, ij. et4^ivifcC4=p.(i!ltftiKK(.. 

poffible), ^?((d, i I, Ij',, J^, , 

Fat; tailing FL, x ; on af5giMf^Vlj^i<£WgjH^, , 
an<i./f«f/.X/, K?|flnH,hf)m,&^-(i»4»3»4-TJ4)' t 

Ihatl eafily ^et, b)r(aktpg,,|Jifl^iJE5i(ii]^iof Wioae*-'*!'-' 
tremesandrTi^i?ns,j:j'.^2t«c^iT.^^,fe"!oWfflifiigBr 
hayefOun4,in,l$,e'ffl|^i)pi,jt^5»mi^ iqfli ».pw\ -• 
■ — 2ax ''i-M=xy, This being premifed, if we<tgaln>ii', 
draw_t^e lines, AF, A/, FB, FC, FD and fi, we 

.■:.:;• .K'.yf tm-rr' >' .msioo:'!--' .''friallgie. 



T RI G ON-O MlfeVfeY. isf 
triangle CDF, OFu ttltk tiU-^'r \^Mnt,crtte 
tngk FCD iitkoiy aOSmtm of'ffieiBSiiiat'ffi!*: 
glcs, BFA, HI&', we«bil'a«>erBr':lpWV?J'W 
: DA,-,..but.lit •i&^eti B i'teiiftftff&il'hatfoE 

thc.'ingkiiACfi It; tiife.ieiitfe,iMtt'aaa3arf<*' 

fliallJunif. e«-: 15«<lrt » :-«#. iFCA':''t6iae-» 
quendy, vweifcUll hftlJI*ijTS; V<'.'taik.t'PC&':'i' 
FDC« tiAB(i(J>3'ftaln'w»eiiteiOTilo*y«it'Sl>- 
«r X wiU bct^icMI lun^'liiKJt ttjc (1^1^ ttW 
of this ^iop<)rtidrf<Se.h«()«*.J . V-^ ; -'^'^ : 
-. If 1/ bsalbdi^ ' ' " ~'" ^■--'"-- • 




We fometimes find in Aftronomy fucft Problenn 
as lead us into eqt&tions^of ths ihSd degree, buc 
particularly in 
Comets in a pa 
hope out readt 
the method of 
wife by Hie Ta 
this, iK'lhaiJ 
to thefc equitit 
moti&mtiBa -df 

C^An^<s»/'hlltH V ^ 

ments o^ iilgiji — , ^ „n, ■■ifiiiiw 

We will fippofe"thei!'iii'iiS^?'<iemanfc|iii ., 
fcveralTftatife»'4f'AM<B?iV'' '^ -^^'f™ ', 

I "■ Thatovait BqiMon t**tte tod di^ree rtia«'^ 
be Boduoodito llMsifcBmi 'X^^p^''^\^b ;'WJlprtM r 
thefccoiid^rB»i<i'«a(leailiv«t.-"- P '^ i '" ' ' 
■ 2«i.jaShaJ/of<*ipMo«s^W^tlrc'a]i('4H3lj;,'»H"0S''! 

one real. ■>»V',l>t)l.m3iq?,ni.'0 jrl 1 -r- v+v.,. --- 

•, . i,.;i. a-1 ,'Ji ,a T,\A . lA .- uW i:},a»\ 

II'.) ■ ■ ! ■■t-''° ■■■-nlq Ihrt^.r. ■:■ ..-i' ; 

* For theielwo Problems fee Siml'/^ii'i Trigonometr)'* 
P- 6l, tifc. ad edition. 



V 

. 3"". That in the eq^wfipu, 9c^ — />x ±q^<^ Aire 
sre Hdeeffiiif ily two imagiAary roots, wfaeoevsr /^ j^^ 

jv>tP%.Thit^. oih tbeieodtmiy; tfacifimie eqoation 
3lidj^Vif^jk9.it^rfieitt)oi» fcal, vhen^^,/^^ (always 
negative) is^ grepfter^j^hgil i jf ^ which conititutcs 

r.^Np^ enough thcfe^ coafi<JcratiQns arc not abfef- 
lxxi4y ipfif ^arj ,tp tte undcrftaftding of the fubfe- 
quent lolution$vWhicharc. in a^ great meafure inde* 
ftB^tpt thttton ;"^yit they ^lUfenre to convince 
tr^ th^ i)ie$ i^ytipns^ contain all the poffible cafes 
idf ctfeic cj^uatidni^V after the fecohdjtcrfii is taken 
iway, according to' the comihon and wcU knowJH 
iidio^s-of trabs&rn^itians.' : , 

7^ ^ alio; sri' /»rf /i^. th-ee^ rcotsvf an xqmtufn^f tbti 
third degm cfth^^ormy cc^ *^fH j^^j sn b^ i^fi^^ 
Jmg^^y^^gr0am^i^Hm ^ jj^ ti»i; kto &y^ inth^iftin 

S&hV T ro N;: 

Let the equaAon, 4;^ — '3K* -^^ r> it o, be at 
J5V«e(f (Whi«i :bt toeans *6f ^he^ indStef miWatc^cjfdan- 




in to be greateHhih ^, ih orfleritdhai^e /^ ^' greater 
tha^rir^s Beii^ i^ tbe luftijCTp b^t^ ^ fnif + 
jBefixed,»it,^pm-^/«ferAi:*rt<ithfe cketMjrferclta* 
of gourde 3K^Oi.ii»ni^ tlji i;o()^9Tofii^€r^i^iofvwiitt 

be, x^ftn.-^ X ==/f.:fjr^ #vf=^^ilTF ^• 

• If th^ laft term bath the Jfign — prefixed to it, 

let^ be piit^«Si^V;^A;aft1i^^1f^ 



ftration of thefc operations is verylSafcjf dHii^iea 
from thc'igehail {QtmvAaeia!krKi^3,&^i;^'wm- 
'<xnungriie,/SR£fiand^«/J*i0of'nn]hi^0«rc3yiQ.fii,l'. 



/ti 



he 

jfi 
(w 

de; 

at.'.mayr aa^r* vit.\^ Asad. the-.nltae of- y «iU':be 
cnjic, 2$. .— — ^If thp-4aft<ta«n,b« SlfliriMjiiei- «*« 
inuit then £0&fidar jiabt^a^^/msil^tt^anotHMle;^ 
gle, and die folution of the Problqn vJiiLl^MIl; 
Cained in the f^mq-pi|uiner.' i (^ % i- 

'*«fWi««##*5/K|«/i»'''jlr.-,jltl,i„i:-, 

•: ii»tth*flh«iraimit(n'(4J'-tii3^iif f>=io)ibe 
IHlbtMaitted j *ia'«hfcIi/Wkey=t*)/.iEA, and«^ 
feiwwd* 8«*il«ilaBgl«f Bi-'fe-lhatiitf.'^'Binay M 
>-''rt£{^A ^ and thevaftitjtof tjie uolcndwii quantity 
» will Kir ck' ztf. ' Ct.E.1' " "■ • s "•' " '• 

J43/ Whether fjbojCTea(£roj Jf fitl^ j^jt Jtiay 
alwaysbc^truly affirmed that the equation, 4^'**— 



; Valtfc of % iftij^^rt)!^^^ kW/NfriB foffe 

- tKe'fbfmcr ^^^tipir. Aif^ i|^i^' rccjojite ^td be 
doite thchls^td^pfbVp Jdle'icM^ftty^of thfefe-twd tH- 
:^jttr«fl5ow.- Xrid'm oraer Ifo^'tfift,' We fiiatf ^n^ tfic 
ifirft place bHfe4v^; th^t ty tile fotniila;" kirf /; ^9 

grant^di' iP it, 5H th<i riexi! p^idfc,' be ^HSwed as ii 



then by exp anding th e c ul|c> Wfe fli^ l get^>4<fS-*' 

but. herein • thfMcnm,^ 4**:* rtf!r^^ f^ r>, occur, 
whjck h^y^hee||irf|Jf»4)L pi¥l^; Q» ,apd th ere fore it 
remain s onfy t o be proved thf^ i^JrFTT^x^/Jp*^^ 
= r* v'^* — rS^ .Now. lety b^t)i^ fi4es of this equa*- 
tion,be raifed jd tne. fquarf^' and w^ ihaUfindj 






^r ^^^ 'Mw^^ '^»',^['Bi(e(^ ^^'fnb rioSnll 




and fince^ by^^lfee fortmd^^^iir^jicft^^ 

ter proper ftMitiliwn ia^i^iE^aehjweJDbfirnth^fe^^^ 
will become, cot.^B = r* r^/^aAl^iitomiwii^pceit 
wiU be cafy to fipd f ^|- BJ^ wl^ff A is known ; and 
con^equent;y.. the y4ne ^.f » bjr/^W^fi^o^ ^^ 



TrjG O NO ME TRY. ^pi 

a". We may prove in the fame manner that the 
equation, 4 s' + ^r'x~ r'y ^ o, is identicall y the 

■ fame with, * -k^,"** ,+ r-l' =>* x'y+^y:+:p :,but 

thisequation,byfuppD&ngaij,in Prfl^I]I.j> — ai/ .-aAj 
and X =zco f, .. 2B, will b|?fonic, «(.«b +<^>r. jb|* j^ 
' *" X fW.aA + fj/^^.aA; and,ih the laft place, «/.'B 
==; r* col.. A : whence it will be. cafy to find the afc 
denoted by B, when, the value of A is knowr) •, aod, 
confeqqenUy /»«• aB, which is th^ value of the up- 
known quarttity * in the equition. Qj_E. 2". D. 
We (hall now, in ordcj-.to make the utility and 
nature of thereiblutions^more clearly appear, appty 
them to pardcakr examples. - , - . > > 
Ex AM PL r— I. . - ■ - 
444. ToJmitifremdfti^*fU9ieit,}t*—^i{~i=o.^ 
^bicb will be all thrA fed, ieeMfe i^ ^' is negafive, 
and greater ibami^y ■" ' 

SbLUl'lON. 

1 niay be compared with 

), I firft divide all the termj 

d find, *'.:-4'r'*,— irj'j' 

= 3i whq)ce,r=:,2„ a^d 

- — , Now? , bfiwu^ , thq "laft 

.ccording to wh^t has been 

. . ^itiUftbtf'pTjti^^e/A; and 

■fifice> this ceJiM is half the fine 'tbt^' it mull ne- 

-tieffart^_th<i-iftiff' bf 'hn angle^tif 3^, ■ and there- 

leJeA itfcif =60?.- C<MifeqyBm|^^'tfie valflesof 

• »-vrill'bei.*^;«t>'') <:^C~i4D?,"an3, (v?^ 260**; or, 

Jjn^y&f i ,-*-i>» ^"i-knAi-^Jth. to", to a radkis 

eii^tdfib^'byia! ;^itha^ to fay^ the' real values of * 

^Wilt be 'd^ibte tKec/t»«! corr^Hindiiig to thefe mi- 

glesiflthe'^lUbl^.-. , '. - :| .. . . . ' 

■ ''n^^.'-To fiviBeTeki met' of ihi, equation, x^—tt 
— 6 = o;.tbe otber two hiing nehefirikf. imaginary t 
Jme ^j p^ is kfs than ^'qq. 

Y SOL U- 



This cquaww/J .c^P|Mj4^^ 
r'y - o, after afw^^jjg all $%iterqri|^ of 0^ ?«t?jr 

by 4, and findfr^ at'i i^-w^Henoer =^ltf;iand.phri: 
18. whidxipoftbe.pwcs^ 




taw tbisang^,^.^ 

fay, -L riaf'^Mii M^fMhS'aiks^ ^tjyjn^ y'j 

the, ^o&mmj^9^y(jS^M %w, k%m%B 

o<Sc)7XQ6..^.Wt WQaro;jQ&.t04l^e aaoex in the ;p%- 

an<yle B, which ^oiight to aetermine the value or ^ 
by the c]^c&^t^ of \h ^oiibl^J^ 8toa tfefc nnmber 

^f i^^^^f ^^^^^^^^^^^^'^^^ thfe^^ «)tal 
t^e'^d^^ dteiia tidtd(clf ^4^Tb{bkif]]g'3latdccakeii!, 

pcfMyWfatibirIr)ifiv/^5-r'"j'jb '(HE ni f.r.ohnijp'i lAu 




y-j"^'':^ 




S G L U T I 6 N. 

That this equation may he compared with, 4^* 
tl- yr^xr^r*y =:^ o, I firft divide all the terms of 

i' the 



T R I fi O N'P MlEiPR Y 




r— a^uapd y i f^ni3Ii»is. dQeeiA!.n|jfiFtiej;i,to .find 
what the' 4igle A muft be, fo that j| may he the 
&««r¥<ii/ M .its afcUte;. E i)j«ke"llfli' Proportion ■, 
railtsiftferrfiini if'('!fi'i"M'tsM<,f lit Tables 
(i.ppoo<^):. :*at»i4Ay>i^mfc lily hnv, by art. i2, 

''»'^- A= ^!,Sr'.{f^-,H<r.:^: andtherel 
:'hmical 

m' 35"- 
Btnay 
► be = 
:s dngte 
id J, the 

eflgrily 
degree 

«^iiUg^i;-iiiiat+?<^tSffli^of/liiis(d^iee"rmy be 
itdpcaJ thbfe of the third. Jt,may Hkewife be 
o1}¥?J?drtSkt''i^^^toV'V^^ekfft^fidHpafti- 
cular equations in any degtee VhiclQ(A|,.fr^llQSthe 
foregoing ones,.ttlulciadniit fif/olutions by means 
of lfeiCif<4Ri8^yt,ttijfkftV!»i5S9%fy «?,&<:• 







tH SPHERICAL 

ijC M A P. v. 



^ .^ 



1 i . 



i:; . .;'.,n 'li) :''i. i)'"' '■ ■'J- ■jIJ-H'' ^'1' -'J^n;'.'- •■ 
id : r .) A' J ^^-B'^CD If I rf. -i 'I n. Tcrii rr'- • 

247, Tbe'fluxigfi tff{an^)arc.hto fiatif it^ Jne^ aif 
radius is to the cqfine^ ^ this arc^ u 1 

. ^_. P E UQ^^ N > X M. V-T- 1 N. ' .. 

f/i-. 2S^Ti 1£T thq^^.J^.m ilMv* wJikhA/i^fJvIhall call 
Xjr ^ ; of whic;h iet^he/»%r l^js^, be deitoted by . 
s^^thccofme,CP.W^^^ 

th^ fecapt, GT; by/. ThtciS/^e niuft,^prove that^ 

.^?!V» 5» orc^ j^iii^^Jefi^fifJ^fe the arc AM 
to become A«^, and lef the lmg5,.C^. «^, be 
drawh; ; attb;*6ftl"ihe;centyet;#ith the ridius CT, 
let44i^ ^i^eTSV^^defolbeaAnd iWugh the point 
l^ftii?pi|ft6iMiri3 4^wB paijalk^ CA : Ifen it is 
manifeft by this conftri^iop i^t, J^m wi^ b^ == % -^^ 

l»r = } i Mr XI Y^cf ^^^^ % ^^'^M ^^c^^^^g* 
beirigpttmtlea, tjn account of th$ nmHarrtnanffles*^ 
Him <»)i!u»r30),loQi) £..•©:.' 



llx/lblFl "^' 



.• -., L^lVf MA, IL' v.- „ ' . 

tfj radius fquarel is to the fquare,qf thejifant ; that is. 



T R 1 G O K d M fe*T R Y. s$s 

^ : likewifcj on . Stcouf* tf ffie Hght-angled tri- 

when the lines, OT^ to a 

coincidence, the affgle at / will not effentiaUy dif- 
fer from that at T), .Jre iferbJuIva, CA : CT :: ST 

: T/; or, r :_y :':^J : 4; ^^k/^n^ejwe immediately 

as. radm\ fquariiii'ki /<Mfe rmhime'^i^^TficaA 
Jt IS evident that S/ is the fluxion oj^thq fy:^f,.^ 



T *■ 



Itttpspyjhcjea 



tor?,^ by ggaiii. ctirfitt^aring, the haMpcQuV ndelof 




^ - 7 = - ~ (by makjdg ,ijfpof ,tt^^ftuxi«^ Msf ^ 

facility ofher fQEpiUae fa? i^e,i^f^^«i/x,iu>d «> 
w»/,f ; but thpfe Wieh we'havealreadv foun^wUl 

SCHO. 



1-66 ' ^tkE'kl'C A L 

.2*^\W';'!^f^'l^"^^^v^.dem6n^^ the feveral 
precedii%''anal^1e'B by tfe !¥drinUUe obtained in 
the firft Cha^m^^ For inffijW^rthe firft Lemma 
might have b ceh immedbiicly deduced from a-t^ 

I'^/».AMj but, 
nei^ equal toradi us 
I.WitKtbe arc itfelf j 
; .a\+,i ^ jg« . z 4- 




'*•"• 4^%i jUr- 

i.'DEFi lh€ 
■iM'i»ill(t 
W,"AB, AC, 
i'if'tttfJts, 
!'fiikiiastbefi 
G; and etui- 
llfmigbBAC 
)EF. 

wJau hiif. t!?tl8;'deslS>lt6r»SciiiiJi«iM®!ii:Wd of 
l>&i:i!lwla«i^lisvVfhj<:'hBs«cpsKf jf^j^niects to 
ca%(Mh?ti.lmre,iiec«H4rily the &(ri^w.ii«f»«i '^^^ 
gentj cetamS>il,/Kafii and ce/tctmt. 'Q.E. D. 

■ ■•■ ^' ' ■ '""■.. SECT. 



TRlGONO.NtETRY. 167 
SECT. n. 

Concerning the fiuxUm of d^y^$'erical or plain 
triangle, wkfivfi^' afi_ atigle^^^hHeof-ftsad- 



ja(;entJderarejuf>Mff'>mkh\\SM\ ari. 

253. J Fig.%j4 

au angi^ 
AC, adj, 
analogy \ 
conjiant a 
to the cofi 
that is, Ao : pi^4:i>^-}uii9^ijiii. r ^ > - --- 

.Suppofmg the fide AE to^flow into 'A^, or to be 
mcreajed Wiii8;i#tailfeljr finffl^affStV, Bfe'Sf 
Cs be drawn; ifiaOmeWiKitWSSbBJi #» 



2j4. PrdSlItHis/{>0pSraoH;anl£aeafarmiil« 

ing allal^«s4)a;'b^^t)ilhi<ilcdbc«4lf>^'<lBbl» 
M A®!fijtai1Btel*9!to/!l AO'^'sigiftBsilto/aC 
(by i\lbft}o3f!»|rftS W fl'1fJl<«Kl«>*S'iirKi*»j)'J5» 

: : RR 



%to ^>S P Hfe R le A h ^ 

: : RR : cof. AC ^/tn. C (if the angle A be 90^) 

tn& ,1.'' ' '. .• : - . • ^y. ;^, ^• 

- ^ . . C O R O I. J- A R Y IL 

' 255" If the triangle is right-lined, ^^re IhalllSiU 
have under the famefuppoijtiqnsj AB : B(?: : K ; 

%''s 1 ^'^"^ • '. ♦ **■ » . . - 4- H E O R .IL M *4-*-^ ^ 

,4^ Theorem ; ih^fiufiifiU'of.tpe-.^ifll(leJide a^iue^f 

rijf^ the conftant M^le is to that of the angle oppq/ite to 

' iinsfi^^ 4f the Jfne of the Jtde^^ppo/ite to the kcnfidnt 

angle is to* the fine of the anglftfpojiteto the cmjlant 

Jde ; that h, a5 : C : I'jik ttfAjin. B. ' 



DEMONStRATlOX * 
Let the fides,^ CB, G*, iyc jproducqd till rfiejr,,bc 
^ «eh 90^ ; and^'it is maaifeft-that, the arc F/vicillbe 
thcmeafui^ of tfee rariationof the angle C. This be- 
ing graited, fiBi:e thelittU? arcs, F/, B^, contain the 
lame number of degrees, we ihall have, Ff;Bi : : 
R :Jin. BC ; andlikewife, on account of the trian- 
gle Bi^, Bi : Bs,: :Jin. B : R :" then, if we multi- 
ply the correfponding terms of th'efe two proportions 
togctlier^ we ihall get, Ff.: BP :: fin. B : fin. BC; 

^r, C : AB ": : fin.. B : fin. BC, and, invertendo^ 

:^: C::>.BC :>.B. Q.E.D. 

Cor o,l^l /^ r y I. ' 

r: "^'2 57.. If for the quantities, ftn. B and fih. BC, 

^hete be fubftituted* their .different values deduced 

ftbm jdie pfoportion'between iht fines of angles and 

thofe'of their oppoHte^fides, weflialPfiftd this feries 

. of equal iQompartfons'rAB : C : -.fin.' BC -.fin. AC 

r'^A.S* :*5f;fe*«fcx!^*=. AC : : /w, A*x>>.' AB : 
■^.ACx>.*C. - 

C O R O L- 



1: R IG aNOM;E/TRY. j^ 

Co&OlLAiUV IL 

258* If the triangle be right*lincd, the Jk^ of 
the fide BC will then become the fide itfelf, and 

therefore the Theorenn expreflcd thus •, AB : C : : 
BC;>»,B. 

Theorem III. . •' 

• 259. The fluxiim of the fide oppofiie to the cimJHtit 

angle is to that of the variahk aniU adjacent to tbo 

conjlant fide^ as tbi fine of this ii^JMtlpUed iff tbi 

cqfine of the third an^lt ts to theyinf^fi Mft fame 0t^ 

multiplied ly the radius \ that is^ Jc ; 'C ' : : fin: Bfc 
X cofi $ ifiri. B X R : ^fin. BC; .W B. 

D E M Oil S T R A r^I O N. 

Since we harci bji ocjf. ^53^ BG: AB : : r^ B : R ; 

and alfo, bf the 1^ Theoreqi^ 48 ; C : ; ^ BC 
\fin. IBf s rfiercfort jre (hall get^ by multiplying the 
correfponding terms <^ tbefe two proportkms tQ^* 

ther, bIc : C ; : ftn. BC x ^^/ B : >. B K » : : 
/»;BC : tang.'A. Q^ E. D. 

CoROfLLARY I. 

260. If wq fobftitutc for fin. BC its value, 

^lJ^2L^^, this ftcw tnatagy wUl arifir^ ^ : C 

: :>. A x>. AC ^ tan^. Bxfin.B rifin^ BC x 
cot. AC -->* BC X ^of BC X r^y; C : R» x ftn. C, 
by ^?r/, 214.,. 

'CbROLtARV IL 

261. If tji^ triangle be right-lined, the laenc, 

fuppofeiMs wUlgprfV BC : C : : BC : tang, B-, for 
the>wp of BC l^i^bccomes the fide BC itfelf, 

TifBOREM IV. 

262. Lei tbo^fami things h jlUl fappofid^ and Tfaj 
that ^ the fiUxim of the fiio a^acmt tfi tkt cct^ant 

Z atgte 



fine of the angle oppofite to the^^eii^^t ^fidcj^ .that is^^ 
A&-;>B^ : : iang n B C i-JifirA - 

DEMGiiirStl^Al'flON. 

ftruaion,'.^ji^«i|«f fe*'M^ BAP, 

the angle at E and the fide DE, adjacent thereto, 
will be conftant. » '^dte6V«9, % the fourth Lem- 
. : -iiw •if^^M$>C3Afteyi:^the flti^dofts of tht angle D 
ami iicle DE wi4i*nt refpe^veiy>equal to thofe of 
tbe'.^e^A^ iftdi aligle\B ^f tbj^trisiiiigle'BAC : but, 

t>H>ife'kftTl\e6reA: wel^^^^^ t ifth.VF : 

Un^l'Fv tod H:hp<*^brei'^rm<ji -ihgles fup^lemental 
to each other h2L\[tj[thG' S^txi^m. ^nd t^^ 
fliall get, by fubftituting for thefe quantities their 
correfpondifi^ Viliiesf irir^hfc ifriA^le'B ACJ -and, in-- 



ajSij- \Sin(:e iyc: h^v€,. AB\fl Bv: Jj^^UC t 

fin. B, and alfo. by ^rt. 256, G : AB : \fin. B : 
/j^.BC; we' fcall' fiiia, by multiplying thefe tWo 

x^^i AB'^- bj^iVfC x/>^.^^ R;:*ll% by put- 
ting fqr r^ BC \^% valine in'<?r/. 2 1)6, I 



. , . .. \K >}r 

Co Kiii^h A K. Y n» 



264. ,If the triangle be rigk^ed^ Jh. BC will 
then-Deft= tdng. &C>* and'tHercfoFe the. fluxions of 
the^JiOgljjsB «id?,C. fAfy-^mll v^ich^hiflg mxift 
of Sfcceflity lid|i^3.:feicc^m.ftyeiy %ht-lineij tri- 

-V - !x angle 



TR,lCI.,&'NOiMHtlSR?Y. r7?< 

aiigte the 6m'-af the tSfee jtnglrt !» alwi^ a toon, 
ftant Quantity, ami'ftioreoVer Iw'fti^fitioh OfieilS^ 
theai^l*! A,>«tettant-. - '"'W •■ «" ■' \-»\ 

■ n .a IH rpim ■! — ill, 

■ ,;;Sr5.ftT.^ HI,-.,/ 'O 

Cmceraifig the^fiufxionf ofmy^herical or rigjtf- 
lined triangki wfyerdaon^ i^kh^jingles^'andi '' 
ill offojitrjide Wt'Jtoftfii umprnt.'^-^- ^ '"ill 

. ^ ! .ilJ'ftllA***!^. innrino'.Vlliw 

file M, f> ?¥|<«"??f' ,^,fg,««^, jt,^fef^«i 
or. tiK<li-S-t<ir^<3Vfh)»^^Sl* 1'irlji. die-' 



- -illliift 



of the triangle 



Simeihe an^a Aj^dtfe, opppOtadei.^)?!:;,. 
e is AC remain conftant, and the pro- 
portion between' tha ^kei 6f' «ri^I<i and thofe of 

their tippoSli iid* gi^ >>Ol=s'^^r!^>iAS, 



an|,/ft,B = i,^'f;'if,J5,iV44ei;tj^'a£' 

tliP!i«w,of t! liAQi^wiclijHe.^ip.: 

poiite t»( thfp I 35S» jjig SflxioiDof, 

tk?u?t9 Fhlfl jnglft e ,4s-l0Jt^a!,j^ 

the arc AB ^?^ii^i:^OT,^U^Q&!&S&' 
^t/.fi V. jt^ Alt' ^ a QJ 

Jm: G :;i9t;'iA»i4l>ciS^»'tIlSI«e64» a6j%iiCjdi 
■jIj.;; - ■ 2 2 /», 



: : //J»^. B : tang. AC. C^E. D. a .-, ,3 J3 





267, If the tri6hg!c JS j^htai<ic%> the>flu3eidM 
tf the angles B |nd C will be equal^^ fincc die fum 
of the three angles,^ ak ^|lf Is o&'of thefe angles, 
^vcQnftahi^uaniS&a.HMawa^ rixeijto«£^^ of 

^1 ^(^si^ aiid tterefore we jftialli h^€\JtAs<ii^ Mkii^ 

^me op ^lic^^^iM ta ihat^:iff\it^vppejiik ftJ^,^tfil 

T H E O fl fe M VI. 

268. Suppqfivl^ ftitUt^ if^H %t^b'ifs i^ofite /tie 




9?, 



v^ t^^x ^k^^'y » ^^ cbnlequently (by 




ing frpm 
cn^n}^ 



TRfljeWlWiaiMlBl-ERY. ^ 



Q. E. i". p. -^^ ..■■1_^) OA ,^tta\ ! 'd .^\v,\ : : . 

raBy tlp^^fcpptenf,^g^oftjf th.^trto|leJ|lC, 
we might find, DF j E&*» «X E ; (a/: D : where- 
fore; -if &mm4, 'foP&A^mw&aikAi 

ing value in dH triti%fe BAO, «el&ll set, B ; C 
»f ,£e/::AGiB<-«MiBjii|4. fl a!§tBbi 3tli Tl .v8s 
■li' ' -Hi ajnTi U£UD3 3d I!jv7 bfifi 3 aal^nc ■>Ai \a 

/M 2^^vSincbTVo4ntms;lAB .f.55rauj»/!J:€Jfbi(M^'S)t 
we&iU iflfti kkm^tor mtmxi} ,&A»y5WB x-jM AB 



lik^e IjavB, i^py(t|P^,^or mC A^ itJ.YalWJB 
art'. 210, anddividine the- two lait tenm by cfl/; AB; 




rclphndtng Ofl-inii (J^^thefc 'fwo pt't^mdns- td|( 
fhcr, we fliali get, aB : B ; : R %Jm, '^ : taii^Ai 
y a/. AOl ce^-k «inaaff ^<lfcfi»« *ljht find, 

< = "■ and 



':^^tWb,%^ again ftfbftkwfct, 4ff Ac^ filft j)rti* 
portion, ' r-Trr for cof. AC, we aall fifid, AB 

pAfesdetttiglBtairii^ og;ht( '^AslkgBt^ £tfobi 



f^JhkAC ^'ibfiAQxi^ catnfadfiokianhibhjificqtHd 

pe^\ih%m^ JM^tht QiA]^ .of < tki i^^'s lii- 
thfe fcafe 'jfc-^es>fare, ^o^ hw^ be, t<«#fei»d'iife, 
*khbi^!Bi^tkeXAitti»fli of die dl^tes-altd e^^at^' 




l)y^ »<v 'XK'A?y 1^ X ■ 'A ' A jaylf'Mifi "■>. . ' ? i !r.. 



■' ' r^flx;yl^■V^.Tr;!T); 




mea triangle^ Mibeh two of its Jides remam 
OBmfiaiii^ ■ ' ^' ••■ '*- a J o m o ;) 



tW9 




T R»t/Gj0mrO ]^ 5 TRY. ifs • 




third a^^ «dja^t.^ tj^f^i. t^at jsjjjy ^j^crf&M 

9Qng the angle B^C - >]^Mi|^»bW_SA(f ^iI^Sv 

:Twy"becaflHr 



^. 5 A 



the 




F/ will be thx^,tA%Axt^ofiii^&^hxi&t^ 
gie .at A;: ;in li]^^ roani>er,, ^^e fi^ 



® ; aHcj^ ii:4&c4gam i»a#i^iJ; ^hat, G/wiU be the 
afureofthe/vaffMohof the ari^^ ak«.^ Mdfe^ 

By = BC, and there wul hj this m^»i4[\]aip |iiipp|e^ 
the triangle Cyd^I fight angled at>»'p herein the an- 

thf ^figJ^Q. Xl^fe i^i>g p^ Wff 4[iQP.^^u^ ofe 

fubftitute in.the refuking pr^^l^Sj-^lf^iW^ 

andt? ^, we iivAXmj ^^ T ■ ^ «>>DC _ 

X ^^ C. We nTfightt)rG^c'by a fknilar procels 

that, 






X^ Vy XV V/ JLt itf A IS. X Jl» ^U^x^ 

273. If In the difflf pr^pHraOrtivw^'^ut -^ — 









* 




/». A X tang. (^:ij0t. B X Jtf^ C^ fubffltuting for 

- ^ ^ -r^^ lyjb «)Sa^::£CI (h|K piMiag: b the 6^^ 
^OKtiaJbi >h€yit^c 6l&.n?/ C/. gftvea m art. z-z^) : : 
>. Ag ^-^ V^ AprX _j^/i„. aC <by fubfti- 

j&c^fi*st«^.^iri<}&*xpi7;Ax'«f.A (byf«b- 
^,^t!ng -^fc^^:!»^^^^ ; cof. AB x>. A 



«\» 



died. ft''. A for ^^ if " '°^ " ). ,: : R' : tef. AB x RR 

— /in. AB y. cof My. cot. BC ; ,1^ taki% aw^yr(7/.A 
(^r/. 214), anduutting.R*,fQr/;^* B + r^y.'B. 

CtiD'^iLJavL^ L A R Y II. 

■if^ Siinilar fobditutidns in the fecond propor- 
iiaii^^iiiii>L%tM€Ofte ftilpjiiroiasciitBparifo^ ; A : C 
SA BtiX Js.JSKj^n.'^. X titpM n: /». BG X ta»i,B : 
g^/AjB K^i\S p5f«i'.^*yi j(?i»„BG ; .:^». AC x 
>.,C : 5:^£l*^,B^t3^,A :7?».B x>»,C : iXBC 
jfV*/: ACXifi-.— f^AB x^fo/TBC. . ' 

H&ik;^ If tine! mangle be)%itti£nsd; the Jtnes of 
j{]g^desjijriU th^n becot^i^tba&les c^|p>felves, and 
»^rfif4«rw*"^3il fe*€iq4»\^ JCIR'^^C : AC X 
-««:<2;sB<Afc.C ::i iL^M OI^iM «i/lB.t that 



to tmrjfii;^ adjftkt radiut to d>t.j^/m^jtft 

TtofORsw. Tilt J "^- 

fyutftd.is totbtr^at^ltimiar.tkijmt^dthtr^^^ 

D E M O N S 1- R*A T t Q Nt' 1^. 

The ftiniVu-fe&itt,^^Gr,'t^ •<(;(« vc'liKfe ' 
already obfcrvcd)^ fj^, : O . ; : R ;;>f; ACj and 
die little rigRt-'arij^'ftgmgte CVr, Cr : y r : : If -j 

terms.t|^5P*er, ^V^^ 9^0/ i^ ^i%* -^^*^ 

Py fuppofing the afftA *« %>f «9FW B, «« 

fliould find iaiifce iaaoLi LtSt i : ^ i^^ idl 

x>. B. :^^1£. iT^ * - ^^'.v-'.v - 

^?. If we fobftiwtfe ^^y* aHd ^y^ 

for /«. AC, vfediatf get; A : liCttWi:nJmA 
'.Jin. Be xiyJ^r.'B >«>:€:: R' >?^. C :JniA& 
%-JUk ^MJmC.mM*^kM^C )l/»i<J tt/Sfc^ilB 

Cb RO^XL A R Y ' U. 

27^^ l£ thsTiirittbgle be right^iaedr ve fhalt 



£ 



Jij^.fi : :'R:j Ad (ffcy foi^fnig AD to bd'aftd;- 
pendi<*ular let (fUl fmn the angle A uMtt tijeW- 
pofice fid^i &6) yyrtieoGc -we if&«Khtf:;i£ tMxfi&s 
«f.<» rklit-UMiA tfiiuttelD be iua&ia^.flftjkmnf:^ 

Aft <At 






.*'! 



- -" 'rAC 

tea) 
/a. 



•A?" 



TRIGQNOMf:TB;Y. 173 



.«%'^'tiy « i^^^l^ 




2tj. Since, B : BC : 
: C : s^; BC I M/.^ t 





wc 







fQtMSr. 



'hmmm 





TOi fciiii mii , a A "^^tt iQj — —i — ■■ — > 

VM aflfeljiX: upta .til^ :f«Ci&B isTjg ^lj©<3^ jrf;$4? 
angle B, ' In Ik,cvnjfti>ncir»i S^*5»W<f : 6 : < BC : 



rsTT 




■, RVV< 



1 nir.ino .v ■ K-ts 




^ 



^ D Aatk : : (O .'.-ii ^di ■ — — vnhiua 




tfjn ttitr jUa, ititht dirtS fmumd rglif. o/.(<4e 

£ut to til wJitK tf ibi lUrd Jiici^ta, K : ' AB 
: :>. A )Vjt»X'«"Q»<*;Mai O M ;«1 CI 

' plen.tflaP^offair&'tHffigfefAarffic two 
fides, DF, FE, .^ilkbc variable :owhcnce this cale 
•IIRfiUt<>J»i«e)ff*t»ill>«e8 ^xMA 1Ihd*Bn 
'aMc^Ufi(aeA9siqg<lha^aft0«rilMlPhk^,Y;>^^^ 

dic corrtfpQndinj T^^jiptyt^gianglc BAG, 



Ifiw dllE 2i spiiS dan'"' Tsar 5'"ll 'J' -'-^T 
lo ymmab jilT.fiAf ft>»<«9 ijlste tat .vrf r.wor,it 

£«!«. ABiljWiSJ: fo/feiACITjiliriiCl wl) oj fnql-Ji 



■% 



Jl*^7\« '«>4^i»»««>«•5 ^.TOt >^V< .>M. ■"*« *^ 

i;ffi'/OT^)i#/'-i'^>\ i>^a *\» '<" »*' «''"■*' 

DEMO ICMV'«X«I'P4 O*^. a ,is!\.: : 
This pmpojijlaf! jpiff •jpcaiigngitalgjOSeduccd 

•jlr-j 'irb i^n^/ftasldiii-Evitidilli*. 3^ 31 ,s=l"l 

18^ By 04ip>fiitgateViAgai.«ggpliiftA, itSff 

fldcs are lo racMffie^ tMn^of gi,^j(ni!f5((fc^ 

Eofite to theft ^^S; which thing is alfo well 
nown by, and eroly pW>^e9ti?)ffi,^i^ ekmeniB of 
Gcsnoarsi VR9M»tl*i\re)^^°'IWWetlf%offi!ig 

ft^d(iM!>^ H«^itmpi^om&<'A"^^^ 

noc^bt^jis .7hj};i!imp^ic^iiiji^bt^9ttdtt<«wn^ 



" , ii!:'> 



^ .Ya»^if^jR;^S^f,sm 









<Bl^-''"»/g-if,'!/a :.-<hd> s to ejK 3,11 To Sorfi 








thatamiftak^dl 
'determination ^^ 
diu3 — iDond6pf 

.«fJtbe:htighcB 

Kfio: aS&^M 
in (hi fatia'^i 



T»,tHfefiHpB«tiWff)th«i««. 




lSi,!R2!|,"'iilis'»|fl jr,;,. 3 



™ii«3)BAg.)prSlifff«4i tWansigli 



• wis ;po?wA .«ns^ti>^'^jt® to 



i}ttii;<^m& 



t?4 . , |S|^^ EPICAL 

ihc^M^^PZS ittothej^c «?f,the fide PZ i «r, 

V:ZS::K' :MZ "A fin. PZ*r< buc the variation 
of the angle atP is the meafuie of die error in time \ 

^civfore, by taking P. fiocthet fitid errors we (hall 

COROLL'AHYv '^ 




t the. place to c6titiftue aMb the 
^tei^'tl^erte? Bftapc w} t^E.tfe. altered, what- 
ever the altitude of thelkr of W^ven Vertical be i 

ife 7^ will^feJe Wimp Ji^hftant Guanticy. 




r<¥^Ycr» >W m«J;pc?p«v? ^»t>.*y ftill fitppofixig 
f iatittidc . conft^t;^ ; ^^ sm^>»i Mm? will be tite 

dcidji andj if wc; 'lafliiin^ tw?) .different latitudps^ 
the error will be the kiift poflibte, when Uiieftisibr 
fcrvaticH) is m^iit.^^^i)atQrt;,and the ftiA? flfiU^ 
ate on the pr^fiycri^ , t^lpV mftance (gnui^ 
the triith of . th^ iwq;;^crtipps) ; if we fiyyj^cr^ii 
miftake" of one ,fW^^^^ JW 1>e .conwitted in :til»fij9i!b* 
feivaftion of t^t ^lliti^c^ w<e. fiiall Mnd, by R^a}iJ9g 
the calculati9p^,^thajt tjip :crror iri'time is 4":.:jb^ut,. 
if we again fuppofttncobfcryerto^ be removed to 
a certain diftance;Iram^he eqtiator, thetrroi' thtfw 
(provided the ftar Jbe ftill obferved on the prime 
vertical) will be '^^thkfkfbregoing, in the ratio o? 
radiuls to the co^ bf tfie latitude ; fo that for d Un; 
titude of A5^, the error will be 5"* 5 /for a laticnde 
of 50^, o"|, and for a latitude dl^ ^c^^j^ &r 
Laffly, if a ftar be obferved on any verticdincifi 
to^he tn^idian, the error will be yet Incriafid'With 
jTfgard to thofe abbve given, in the hitio of radius 
to the JmHd- the ^ogle c^n^aiMd^ betwpeft them \ 




rifeWf*** ibd6*lbftrt«.So»^ "« ?S -^ 

f amil ni ions 3rf^^'^=p £' e ^'flf/'"^ 'v='" ''■*'"* 

vjbert a fiar (whaje decUtiktnifis 'Ji^ofed the fame 
during the wb^lf ^i^Jf^es i^ei^l^eyircles ; it it re- 
Mjred It j!«f/ ')mtJjlfrAlifH^Llia^i\ei,V^Z, 

PSZ, mede *l'.,%tSS'''"lCTnf%i wtj 'W'.a'igr 

lie »'*»'-f<W%,^M?M!l05buliilj-,,l. itivj 
Front aie", 

BS'j miy.; JIi 
ao^i'M P } f 

Willi ckt^ COM 
letDreprafem 

of.Djwilltiei 
northerly' (as' 
ircs; PSi'-PS! 
creafes. - THi& 

V-, ^ic^ '-• rttjg J 

arc ES'<>is:lirti>i>lalnMaafc;'ith»dift!R:Me of :«H<(i 
fluxiDlui o£c^9|h^iad^iygieipnmft-be'et|ukl tty^b^ 

w. imnMdia«tlyik:(id4ii»<:a<.«'=:i»(.SV and *at«i 

;.. ...iisHlr.: .rBb -v,'. ,:., : •■:>&»!) 
. .. — ...I ' f j jd tjflaJi i ]no- ' .j^'H i mi) Uj ' ' . w jlj o i 

f " , For thefe Iwo Examples Ice <,'M»'t ■forcmeatieaeU 
Trtatifo 



for^, S — S'^ . ]j^ow, if this {Ur be the fun, and 
on6'of the ilmlacantcrs coipci^e with the horiT^ori, 
whilft the otlidr, becomes the. crepufcular circle 
(\tbkh isi ufually fuppofed to be liJ^ below;diC' 
hpri?;on), the, cppfequence ji^. .inferred intimates 
tQ,,\T^^ that, on *a^ day when the thing reguired hap- 
pens, the angles, at .'the fun, ootn at the horizon 
an'rf cf epuftuht circje, are equal. >' From this- oonfe-' 
quince th^reJ^QKe9,,^tb^ day of IJiorteft twilight may 
h^ fcHHid, , pi;Q vi4e4 we firft JCecl^ what the declina- 
ii^i^^ ^qfwerin^x vtp. xi^x^ detcrcqipate relation of the 
angle? at^th^jjiu^, 9MgKt to fee :.,>yhich we proceed 
to do in the following > 

P R O B L'E M. 

^^2^^. Suppojihg'ihe angles,' made by two hour-cir- 
cles with their correfponding veriicals^ equal ; it is re- 
quired t/ffini tfoejiiif^s if^linat^T^ ofijwetrng thereto. 

M.J- .' i.>S,.aLrU..T I-O N 

I 

Fig. 32. 'j'iiet'S and;6'irepr8ffanc the/angles- contained br-^ 
tween the hour-circles and their qorrefponding ver-r 
ticals- 5 ~CJ an^ Cf^ the diftances of two almacanters 

fhQ«iJtibe'h<>ftiwft ,i(L th^>UBt^4« of the ipiace^ and 
P the fun's declination: then {hy art. 225) we 

fhall get f^rorn tEe^^ PZS, '^'^g '''^' - ck 

RiX/^,'L T-.yr>^..q^c#T^I> /; and ''/^^^ ''f' ^\ _ 
CO/. C ' R — 

p^iag + before, ^». C in /tii^ r fecoisikd formvla, 
b<?caufeZS', as well as its oppofite fide, is obtufc. 
N^w the firffi -rtWrtibm of 'm^fb'^cjuatib 
equ^l, the fecond wjU be f6 .l;kewifc£_and give this 
ne^eqiiation;flx'7?;;.'L k cdf. C'7^:^nXx/in.D 

cqf.C : Whericcw^ igimediately deduce, ^;?. C x 



*\ ^- 



>J v*^ 






Then,. rfTv^ liippofe^^Cl:^' o (as ?t: really muft'^^e ^rf^ 
the cafe 6? thetelJefl^'twiligKtl''^^ get'lfhK^ 

lafl; propartion^'R b ^^v^«^% "Jpiui^^i't*' ^V^** I^rb 
that is' to fay; Wi-^BmHs'i&'m^ta^lMr^^hdf^^^^ 
depreffion of the t^MJBildf cirtJi klk/fM hth^imi fi^ 
is the fine bfthemmmwmim df-mjUyti^Mm^ 
Hon : where obfcr^e; «iat, as tH8 (ffctUriitioh i^ifi^^^ 

gative (becaule ^(f^-^— w preceded by — ), it mult 

be of a.denoniipa^Qt^/cQi^trary,v^t;o.t^9 iaptu^^eof 
theplace. ..«- i^ .,■ . > ^v \ .*'„: ,e^^ 

O t D M E iJ^H o D e)/ SOLU T ION. -^ V 
295, Let«^ be^^iic fortheU^;^of the hour- 
angle at the in&l^hvdmw thmtjmli^^ 

the angle itfelf wat-|pe reprefentea>yj fx ^-^^^ 

alfo, let 2; be pxit fbt lhe'f?/f«<f-Wti4e^tiii^flj»hafr 

arc, and this arc will ,be, / x . - : t;hen muft 

"- JL^ — ■ ...^V--— p.. M6rdo^ii let r %e^ptit*. 

for th^'fine of the latitude, ^^nd. jf f<^r its^ r4/?wt ^ /?►» 
for tHe/«^ of the depreffion of the crepufcular cir- 
cle below the horii^fl, and > for^fche /;;^^. <yf'#^; 

A«l'i.'d^lW?,tio?l,i-jfI^w^,fhail!^WiFg, ^za--rj^^ 

rallies we exterthiflkte/ «• and «'iriiii#fmf"eqiiati6n^ 
and afterwards divide "by J, We' fiilirget, 21^* + 

'. B b 2 " =: r J 




f^ 



sN » 





« 
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^fvw"t?i'e ffl;«(ffl«)« of the Tuin- o£ tli'e fcaiuSairnal 
arc,*atii.;¥lW^4^«Hi^h ^thr^ ^es owe? from 
noon to the end trfprilight : whilft the leafl: gives 
the minimum of rtie diiferencfe jO* tTiefe arc^ : con- 
l^j^y^ th^^ mgjgr Vc& for its 

Jm^<^9^' A- ^w w^^i T ^ T V^W- fta'^^lygcfpiiei, if vre. put 
/flftV he'-fii0^i (^%SP^^SK^^tm 6f 'the cre- 
pulcular circle .^Iqw the hprizoh. we fhail'havt, 

''7„rA:7-5' iiiS,;?4] .fts.j,io'Af ' ■-^f^??!^'' 



^ tfo ProWm il«lflKVi!tid«-ea'glSffl,'lf faiti tfeii^S 
oWj'MW^refcrved as are eflencial to the triangles 

•»*— » U.-4-i ^_ ^ .' . 

COBdih Maufirlmii Atlroiio|iiie mulique, {!■ 38^ (>c> .1 - 
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JSTii*ktfinjim^ i t^was'li^irired- tQ ^ajj w^c 
the declihation ot a ftar oughc to be, jfo tlut, ia 

gi«:«%iii«a4it!i, *sbi!s!ii^ aftiHtflafe m^U'Ve 

prtite^ ^te.'Wfli'W »iciaiii#'»jiitaffiiHfioffi? 

- ■■ ^;j. *i >;!! Alidw J lilj|i[rwti«' bn3 1H1 oj noon 

ee made jer noon-tun^ as ^«e fd^jro» ^forrefpanaine 
akitud*t tf tbg'Jkuf^lshoj ^ declin'at^ may ~ie ^Hfpojwi. 

to undergo ^li^^if^j^^e;^firi^^l% («.^/.jff? m^ 
figual aUiit^.,. Mosnod :).'|j wobd 3h--j li^UrSluq 

S O t U T i.aN. ^ 

Airtronomers'(in ordV to bexerufi^ of the^nr- 
ftattc of noon)[iakie cfn*'lttrtui«<W -ttie'tSa^'if ceim^ 



fjTQ'me it appears that. 






evident tpat, /tl^c? fim when ii^'tlie ardehdirig figns 
arrives later at tRe 'fame altitude, and foohej- when 
HI the defcending figns j arid therefore, jn the fix ' 
Krft months fomething mufl: be fubtrafted, and in 
tjie fix other months fomething added, that the 
rfeciie inftant of noon-day may be obtained, — ; — 
^.6w to find this correftion > let P^ be an hour- 
Wcje very near to PS, and tcrniinated by the fame 
aJmacanter ^ I^SK ; then, it \% manifeft that, the 
^iigle SPj, rediipd into time^ will exprefs how 
n^uch later, gr. footer, the (ua, arrives at the fame 
altitude in the afternoon than in the .morning 5 ancj 
^pnfequently,, the half th^reo|;;will. be the time 
whicJTi , muft be fu|3tr^.6led f^t*om, or added to, the; 
inftant of noon^iiedyced frora correfponding alti- 
tudes. 'This being. premifed, .if the change in de- 
cJination be fuppofed fo fmali^ as. tp coinqide with 
ljh(^'pafcent variajtion or.fluxiop "of the arc P^j it 
IS. evident that,',tne fides, XfZ^ 2S, of the triangle 
P^S will remain conflantj!' wh'Ilft' the fide PS va- 

W9^ I . But iu. «r/,)aj§io i»e; iufwed that^ . B ,:. JJC t : 

tbf ppjnts, B^A^,, (;;,^.tQ.re.prefefl^y,P^ Z, §,,yre,(^U 
have,1^ -''B-^ >»^^e^^l'^^y'i^j^^ ;■ a'foftiitrf^, 

cxaAly agreeing. ywitJi \h^ w^ijch Mr. Maupertuis 
^hatjh ;^iven in p/34 of his Jfironomie Nauti^ue: 
where bbfeiVe,' that the figrt -f prevails;'' Whe'rt the 
declination is fimcheriy,! buf tjie($gn — , when it 
ia northerly $^ ^as y^cmay b(^{ea^|y,.goijiyinced from 
tl\t?,folution^ givqiii i^ t\\^ pfflc^n^^Cpapjtet,— 4-t- 
Thc halfof diis expreffaon^ J^^jkeo^jy o j^p^^ will 
be .the corrq^on-i-j^tjuircfj *,^ VSli^* A. '. (. , \ 
jr. '• ^ ' ; 'r— :• , •*■■■[ '"."»:• They, 

;^* .See Robcrtfon*% Tranflation of De la tailU's Aftronomy, 
p. 150. 



They, who are defirows of feeipg a variety of 
other apfilicatloris b^'fii.isiGnal'ana|fo'gieS, may hav^ 
recourife to the Memoir's' of the Acs^e^y .^)^'',^he ''^k^ 
1744, or' to the Mror^omie di ^'^y-t^'e fa t.khde:\^^ 
may be propi 
of the fokuio 
tended wiih 
approach fo 
arcs urvJer c 
nafcent arcs. 
Chapter with 
more curipus 
timate to us 
plicity of the 
finding the ai 
Geometers, a 
J. Bernoulli, 
this portion ■ 
for the eleoiei 
differential' ' (! 
pends on the 
fubjoihedfolu 

fure deduced, ffpjn. t}^ iV^flrks. qf Dr. l-l^dlis, is' 'uX-: 
difputably one pf thf moft elpgaiifc t}tat Can' bfe 
given, and may fufnrlt lis Wit^memoiai tSf bbiiiyii-' 
in§;p.,^)!,lhe quaJr^ture.of theGirclf,5"he_flu?nt3 f^ 
feveral fluxions which appear very coftipTicated. 

■'■■"■■ ■ ^iP R^'<5 B'T.-fe W _ "■' ■ '■;■■; 

298. Tofndtbeare^efaH^fphericStriahsle,'^^C-.pS- 33* 

'■ -■ so'i: vr I O'N; ■,' ■ ■'■-;"' 

In the' fii'ft 'iilacr<i;-lct theTides, AB.'BC, edh-f' 
tainingan^ arfgfc,'Bi'bfe'iproduced,'f6 that,' BA'^,'- 
BCi, ABa, CBf^ (riay bd arcs of igo*" 1 and, if !^ 
manifeft that, the triangles, A*C- iiBii',''wiH ■be- 
equal'in all refpcfts. In the next place, let a plane 
be conceived' to p^ffthrou ghti ie p oints. A, C ; a, r. 



and of confequcncc through the centre of the 
feherc; and thdKirfaCi ife^Bbc^irill be equal to 
that of an hesnifphere ; whic^ t^Aa}! denptQ hviSy 
^trfting^ the rfdius df its great circle ^ r, and «r- 
c^mfefente =r e. -Thif done, iTthc triaftgles^ ABC, 
CBtf, oBc, rBA and AiC, be rcprefchte« b^^^^, 

t ^^ iW V/Sl^^'fe^^ portion wHft 
fl^encal Iftnafp A^ Jb^dfitcrmined by ^iis 



9^ .and th?Jt x>fjSpf A.9.llVft-i^ |.0 •; -oM. ; nr- « M 
^xIR'j the«i' iff^J JWile&'ih^ three cqtialities^ 

HoB f ^^«heBCO,• j(^ 'M >f x:N: f»fc 13» H-jJ* ^ tc ^i,. ! JM'/ w 
tlwi'»!cal of )t^2tyifnglei8M:i'%i}|! be^l^ttrftl':^' 



Iifflf^iipbO^ 7<4n it wiillt bcfjojtbarwii fotitfdniu 




cfiiach^ trialgMin ftfuaM,^i«i5f*^ ^'^'^'^ '^^^' ''^^l 

..n^v>. !/. r-i!io iii-r- H-,:/' .ri'^alw bni, ,vlv/^>fl-vT.v 
", ■ -.V- ''k\ ii) (.t ^^'^h^III '.noil I]''>" "?^' ,v^-:)'ii 

vJi :i .'. \: ■:: ^/ ^ •:'- -•-'iiiq <i-'' % "J^ * ' *-'' •- 



«, 











_ * Chapter, ddVrJ^icl^mighf-BefeitaSted'to'Sl 

cafes of right or obhque-aivglcd fpherical triangles^ 
yet, ^s theyr wis>:ar^>iR>ft i«^y'JS»i^i«i'iAe^>9ftf 
lormao^e of trigonocnetri^Icalc, 
afraid of coMn^ktih^ \nlrfal?<» 

eurfelve^ under aix^ndi foanfible. ob ltaitiop .of/jui* 

metry, haye ,made the applications j osiijailKlc s a ' 
^hofr iiatb%6Whk%1i\dna^mcu1ar &m^ 

wlD %pf^$i tftffi ^ro|ftgl^ft;ft!^isiiawp^ rim,? 

they are exhibitfldi^^34,^^^jpvJH&^^ 
hnrj^n j^ j^QQ^ the Pqnarnr y ^ TFT., tb^ .^eGlip^iei 

making^wijLii the .^qtia|of /annr'dQglelh^ <Juninilh& 
very flowly, and which; with mpft other Aftrono- 
mers, wc will here imagine to be 23^ 28' 30'' \ 
and PZH the meridian, wherein, P, py reprefent 
the poles, viz. P the poje which is elevated above 
the horizon, and p that depreffed below. The al- 
titude of the pole we will luppofe to be ^o^ 51', as 
it is for ^ Qity-of Paris ; and, in the laffi place, de- 
note any ftar or its place by S.— -Wc take it for 

C € granteii^ 



i^4 ■■ * P'l'I'E^R'lC'A I. 

granted tha| tjie ?epder js perfectly acquainted witfi 
the meaning of a ftar's declination, right alcen- 
fion, longiiut^c, latitude, &c. as well as Svith all 
the principal- circles .of the fphere; abundant ex- 
planations wjhereof may be.^et with in a variety 
. of Treatifes oh that^fubjeit. '" "' 

/J*,p,p B J. i^M .;J. , ,, ; ,, ■ 

tig. 34. 1^9- Givmibt fm'$.fla(6iffJhetcliptic\ io^find 
•his decHxatien, At d^^ncc, SD^,/i;m the equaior, , . 

... Lei Ipkce, be. (8',24' of Taurus : 

Sheiii be 48° -i^^''; and therefore in 

.jff\}&. t right , ang^d; fit D, we know 

■ the h; 3, arid, the angle DES = 23° 

28' 3c ity of the ecliptic ;• whence we 

Ihall i >te 'for"r%hlt-anglcd triangles, 

^"^ii.^Wf ■^■■ ^•'^ X ^^kDiES W:\ u-i- .. : ■■ 

■ W^-fiS -. .,[-;, I ft:. K..- - ,; .., ,,,. ■. . ," , 

':> i*v . L.a G ARtI'T. H Mi G ALL'Y. c i 

j.873784 = /s^./a. 48°,.a4'v\i J-.> , , ■ »;... ' 
% 9.00C263. JP fa.At. 23° 2B' 30", 

■■■■ ■>;,•. - ■-, i'l !.] '^■I v^ ■,': if'L ■ ■ ■:.,.■„.. ,? 

.,..,l.;.r - -•. .,^y^P ]^,0,B.J.^E.M^ ,11,, ._ ; 

• -.-^OO.- Giv«n iks JiinUrfiecJijMl^fi, as ftlfo'/WJe^ff't 
ff the year ; to determine' impha^iufhe ecUplic. 

SOLUTION. '^'''■ 

Lift iJs.Tuf}iJ!)ft )Lhe:fuij'sv 4fc)in^tipp 50 be 17" 
19' 49" northerly, and thejjeafonto be^ ttie fpring*: 
then we mufl: find (he arc, ES, of the, ecliptic con- 
tained between "the ffln. ;ree,.of Aries. 
Now to Jo chts, it is f in the right- 
. ^, Singled. tfiangle. DES,; ; ff the angleE 
. -,, with its -opDofiteTide, 1 feforfe Ac hy- 
.-, vpcyihcnifTc^^;"^, .will be f 'iltfi^-iiimmon 

analogj'. which givcs.^j „W: ;> 

• ^' .. ■-■-). _ LOG A- 
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t'OGA;RrT;HMl'C'ALLY.- ■ - 

, . ..9^474,947 = %->-PS= i7*'i^'49"..' '' 

o. 3997Jy '^=: htith.-nrnp.fin. g3°'28''3Q>'ii ' ' ■ ,:■'• 

■' ' '■' it'-nty t i^'ij:m;, '■■;::;;;,: '^ 

301. From the preceding Protiletn the method 
of computing "tables' for the fuel's motion in the 
ecliptic and his^ 'Variations (by riieans ^of pbfcrva- 
tions) will rcadilyap^ar, Fot* ?he. kititiadc 06 the 
place of the ^ft^ver-^eing accurately determined, 
and a quadrant^xea Jn the pl^naof the meridian, 
the obfervafion b/'tli^lVifi's.'rffe^ifliali altitud6^ives 
his decliil*tio'n ' 6f diftaHce'-fidm' i^'^^qtiilftrt-; 
from whence his7OTi^uWcfeyfflr''-ifty''<Hy' K chlBy 
obtained;' by;tIi^^n^™dabofe^^^ '^^ 

302. Given the fun's- ^£^iKlheMliptic,.i to find 

bis right afcenfion, or (wnlchia-tTieTame) ihvpmht^ 
D, ^•tBeaiiiatorbMckipleJJisii'Olr ^tjnfiridiatt at 

thefame time with the jfuny ■ ■■' >,'^> - i^' ■ .^ 

-SP'V'U TJti'if,'- -y- 
.Suppofing i^ill the arc ES io be 48" 24', it is 
required to find t!ie 'atc"ED'. ^Now the Table of 
■ '■ right-aiigfed' iriiti'^fe'-feiv^- ^i «*Bi«J oa%, tans. 

*-° - . /elf J JO?, 

.(fl'.IlK , .., 

307t !lijrr. jr .-,',{, 

' h4itl-mi''ik>'<fiin's 

'Iti^ m'-mphtHfis 
.. J — . , „, — -• , ,. - .i'4 rlaiilv/ ,/■■ ,, 

.. .07 Cc% SOLU- 



Suppofing always 'the 4at}|i|de 'to be 4^* 51', 
and that the fun's declinatipp \^^i 1^^ iO'.nbt^tferlv; 
it Is manifeft that, all we have to ^o is to find the 
hypothenufe of a fight-^h'g?e4 triangle, DOS, 
AVRgi=cMH^e'^n|fe^t)e)S^^ ^'•bbtWpteteerit ^the 
Td^Htfat.'^d^Jhll!^ B« ^ilie^Rih'-s decfination, afre 
gi^l^y-'" W^^mai^t»^^ibfe%^' by- tfe • tOTiHnoti 

analog 'i^-^A^Af^ ^^j^AVp^l V A v. ■■>•. . -. ,.;.'. ^ 

L O G A.ft PrlFi^M^I 4: J^ L L y, 

td fl'^3ft*&i?rife^/^fl9S(^;>I3^^^'.45"^: . 

. 3'^4;Fr6'd m4 pfcM^-'it'ferflows that, if th«^ 

■fiSH's'-aeai?nkfi6h ifticffaiiipl!ti!ii(fe'be'^ivenV «^e b- 
tJMifletof the pkcte irill 6i'<^a®y' obtained' t for,'afe- 
cvmHk, tty\this(Ta|)p(|0tioH| :'_Jn 'the 'Hght-ai)^kd 
triangle DOS,, we (hall kno^JX'^dlidc the. right 
angle) the hypothenufe and leg DS ; 'wherefore wq 

L OC>A WIT HMI^-A 1. 1 y, 

9.501476 ^log.Jtn.T>S = 18^ 30' d". 

'9.81^247 '==.4i,g. fin. j^x'> 9' ; ^ufl^CTirif tbe-iau z^y^ $ i^- 

';»"■'■ '• g^ ' :j .r-, ''■'*. «' . ' ' ■ ' • - -^ 

'^■;.."v' .. ^^^9i^h^^.Y'U' •• ■:; - . - -. • 
305. In like manner, if we have the amplitude, 
OS, and latitu(fe o]f*a*^yc(^,>^ierf, wefliall eafily 
fin4uth^,;fui^'^-4^clioan(Hi .Wt^^ttediog i to tWs 

\^rnl':yr 'i'.Ki '*^V*-^\t -/?->' }([ jix, hIj ^:;i:il'.'^ M-i • 

ni LOG A- 



LOG ^^ F Pt^J %h^ L Y. 

•' ' ' ^^6^476' ^::: 4'y?J/.^i«^'"3'(i^^-ii^^ ' ^^"^ '^^.^. ^'^'^-^ ^"^ 

pl4^e in the cfliptiQ ki^a,J^ fk^ ^midrnM^JSMm 

n^Jbkb fme^ to ^^e^fi^^cmSymiM^J^^^^k-^ 
fun^ or (which is thoiftirw) tpfi ohliaue afcenjton cor- 

re/ponding to tJ^ /aid kiiifiM,^^ 

(^ / a 'lb llf/i'? illQ >f .A . ) J 

Let us Tappofc,^8w in the^£rfl:^v?|;6h^cm^^ thjit^>thc 
fun's place in the ^ifec%dj6is^^i8S*^'^4^(rfTlftSis : 
then (by thefafne'?r6feleni)^his^>d^itati6^^ 
.17^ 19' 49'. CQdfeqjHftnjdyf, J0> tine) tight-angled tri- 
angle DOS^ w^:4h#ltilw^TOv)*F Jfife ??^ r V^!^.i^c 
angle JPOS = ih^c§i9agjpm«ilf,,4gf ^^Mm^^^'mh 
orckr ,tO find th^olprPA>.:i:T9j/i^ ;#«f^t)f;bfij 

gcn<;ral Table .|Qr „yighMflgl^DK«figl^* f^?S%D 
L O G A a i itiH M LCsA LX Y. , ,, ., 

949421.7 ^Hcgk^tang^ DS^ = 17° 19 49 » 




Then , if from flie rig^ftfcenfi^n^^DP^^foktiAJri f >i - d i f , a,, 

we fubtrad the arc thus found — — — - -20*^ 55' 15^*' 
5ive fliajl have fort^el(feliqSe>kfcciHi6M t(9 ^ 2^° 0^43'', 

:3'6y oIt^i*<90ll<ftlftW^ thttt^'«^^^^4tik«i^tfe«ft 

Pight^ iphepe^he points D and O coincide. In zxi 
oblique Iphere, the arc DO expreffes the quantity 
which miift^ be added to, w fiabtraaedfrom, 90*^, 



^ . Y SIR^H E R 9r O A L>i T 

jftic{pde!r to^i^jVAih half i:h« Jensch * o^Jche cLfy at it 

tM iuf^^>deoKfiation-is t^wiMst^hii' noith bcirfositlk 

»fi4-^|t fiis^wiaftsfidl chat, we have pdid no>itgardvt(^ 
Uie aDgtt^antflrciaii cmkd by 3^4sfraclion. >t^.; . f i A-^^nu 

ria\"-. 




"^% >/ ,^^>; trt^ii<i(offyn^ip,'[['^ \ 



L 



I \ 



if ui, I'.' -I 



l//Sf0.iLiiU':Til Q.N.; V 



Let the fun's place be ftill fuppofed tO:be i8* 

24' of Taurusy rhe .fetitu(fc'48,^'J5i', and confe- 

^uently. , it;s , jponjpleija^n.t 49J^ P** PPS 4*^ 9' • 

^#^ i^s a}re^ (^lifjci in /^t.-^^gl the . ^c. DS will 

k%' 7.^ f 5i: 4PV>vW^^^^^ ^^#n§ % calculi- 

^i^n^ a^ m.Pm^.Iy.^^vQS^jhe ortive amp^tude 

will be fpu5r\d~. 9.6^5 800.;,, alfo EQ (obtained 

from the fame da/a \ii the'. JalJ: Problem) = Z£^? 

o'43''i and therefore, by the common analogy 

between the7?»fj.of ficfes amdjtliofe of their oppo- 

0.626141 3; ht.Jin. EO = 25'^ o 43 «i ^ 






ik» ■ • V . « ' I", 



..,.., , , •.:,,.5,..c;.H,o.-?,;ru;:M:- .,._,^,, 

V S0^> :ByT (?a4<iul$tiftn&j la^ftrtK/ fin^ijai: ^to ^^thftjc 

ihade .Ml ;th(J. tj\A50,prec^dii>gjPrg^l?^>,;iiiWQfiy(^c 

.-iwfy ^to fiBd^rtiQ. arc IE, o?r:ih? f??lipfl|JC, Jcppfja^si^ 

&afecaftfiQitif{£^i>thiCvarc AE&. ^. tb^*fl^jatsr..w})icj?! ^s 

Jbi(i;u. ' 'fide 



TRIGONOMETIRY. .^ 

£de A£ 3«^kh;)th^^aogki:E .equ^AitO(fthe}70(bti^iii7 
of theittdiptic,'3^UJifoe.giv«n.!Tr7tT^Me' 

vrifefind ther^ijQi^fithLe. mcr icji^ni/irttejfcqpficd fete 
iwccn |th« cqvmtor,'.atid . ecJiptoCi;)taw;;iweU 5fc~tfa« 
angle made.by tbeiediptic wiih) thfijinmdij^a^:. nM 
the arc, IS, con?j)rife4 between clhe meridian and 
horizon. . 

We fliall now fubioin a Problem, whofe folution 
depends only upon a.conimon fignt-^ngled fph^- 
rical triangle, though' Mr. Maupertuis hath ]fot 
that end made ufe 5f khe ' diffdri:rif ial (fluxional) 
"calculatiort^ . ,vi Ji'-a nl ■;)/.! j ;''fii/! •.•' .m.J 

310; rb'edeclhafh^iy^jffaf^/-4^^ 
place being^given-^ •^^iife^uifed^^^ tWW- 

ment when this ftdH' e^eah' tb dfimd'^^ 

pendictdarly^ to th^^hofi±dn'\ "i^V 

Jiar in "a vertical^ dnd'fythe ^n^le whiS ihefaid'^'^^ 

tied maJt^s With' tht)mem^^ '•' ''""^ 

.Witlj a very Bttlie'dttehtion' ta^irfhe xi^ttar©i©fi)tBc 
Problem it will appear, that the ftar cannot pol^ 
fibly afceiid'crf- d<?fdeAa ftertieridi^Wkf ty^ to the ho- 
rizon, unlefs the jAnflle^ ^wh^^ caa 

be fuppofed to.^baye iwxe vertical, tdychingit; 
and that the ^, ftar, rwULbq fou^d mt^c. point of 
contaft of the Jai4 parallel an^ vertical j yet that 
this thing can only^ piievail ' twice in a revolution 
of -24'h6ws. 'Moreover, it is eafy to^perc^ve, 
thkrhO^ pardfel t'^n ii^e any vertical 16 touch ^ii, 
exce|)t its diftinc^ ft-dn^the equator bb ajreater than 
the latifcuae <tfv**^?*t^^i^^f<^*'-'t^royided it' bt kfs 
tk^ttj aMil im^'iWim^ Tide ^m the equator with, 
the gJvaH%tkade,^ teiaVerf feb^rlou^ thM,- iii>tlte$ 
eafe^ dl Vewicals iWtAtei^r^wiB' dcit m ^ This h^- 
ing ]^i%«nii^i 4^ 2i^^W-\iimnn\A touching^ ithe 

parallel 



, j^ ^cq^r ^ If J^KP H E R I^C A L 

.<ypmMS^ J|fr:the points^ the fuppofirfpfe^e 

^^<^^lc9f^ ^^^ ^^iination Jteieh for in 'coiifpk>- 

• ment the arc PS: then, on 'tiwrcKint ' of the point 

of contaft of this vertical and pairaltel, it is mani- 

fcfl/Jiat, the arcJ^S is the |ejp ihat c*n be drawn 

' t P to the venic^]^ i^^^ • confe- 



frc^ the point _ _. _ ^ ., ik7<- 

quently, the ttkiigje PS!?^' Vw ^ jig^t-^gltd at 
S, and we Ib^l know- tl^rqijtJ -_{!S^dc- the right 




.1 



the hour-angle 2P^ will givcj^ i^ftant when this 
-^Wtt^^fpl^s 1«^ atckt! jle^^c^^ |he ho* 

^<l*z6tf '4 ^^ilft^ tfie 'Ade ^^v^iiUt cm thfroomple- 
<»1rn^t of ^ts altitud^; and tbi«ft%fe>|Z5 At pdn* 
t^f^ion of the v^rtiiiM reqdir^^f^th i«rpcft Ito the 

meridian, ^tf then L fee put for the latitude of 

the place - Dfcftr'Ar declination of the ftar ; H;for 
its altitude ^bpVjjf t|e.lloriz6ii, iXrhen it appears to 
afcend vertica}l^,^^^J53C th€ hour-arigle Zjp^^and 
' V -for the^ag^^j^^ ^^he,>pertical . ajf^ugj^Ji- 
dian 5 the jF^r^i^T^ |^, right-angled triajBg^^^WiU 

. aF«l^.y^»^y, =fig v{^-;jsw . •■;»-fr*^'r!fa€.applicaado!rtt.<9 
the iogarUAikl'J^^rbfe'ROTciently cafy'wh3^ 

,.....;. , . , >i>^jfVj! ^'i j# '• vnv • • • , ■ ■'*"'- 

311. CfW^V-fe Wtttid(iif'''^'prdcel dndthelt^i 
xUclinatioif; fdWm}fmWBh'h%ig, Mfmni?^ 

^. r3vppoiIn^,jitfa£Ldet:l^ati»ni .a 8 *^ go^fitinqefaMjt} 



TUtQOJrOM fe r R Y. roi 

ef tlw cteeliJiatfM 1 and t4ke(^oi^ lifer^ the 
UPS' ^ki»;dliiig itqdif^;' we ft afi tl^v<l, cof 

LOGARITHMIC ALLY, 

lo*05554i =^ ijf. toMg.VR z=i 48^ 51' q^ 

* Now, in or3cr to know wh^t'hour of the rtigrrt- 
ing ithis vil'de 'of RPS correfcoqds to, wc v^Xik 
have recourfc to the jtrmcsced T4>le •, and we j^all 
readily find^ that 






Jor 



1 *S* , r» W.. "J oq tj«i (Uy when .thfridtv 
lis* 8 \/ic»nd. 



4 thirds^ 



latitude i$ 48^ gxV «hf 
fun rifes 29 minutirs 57 fe- 

conds ^ler 4 o'cloclf. 
. — . .S£ H O L I U M, 

.3U. If iche. amplitude wj^s known inl^ead of <^ 
latitude, the angle RPS would be obtained -by 
this proportion j .^f j /A^ f^»^ of the iedinatien is t9 
the fine tetnh fo is the cojim of the.dmpiitude f$ tke 
fine (^ the bour^imgle, RPS : 5^kL .c;ontrarily, if the 
time <«f fuq^jDifeior fwi-^et was j;iven, the <wivVor 
pccafive aoiplitw^f ,wpuld bc.fQup^ Jby %^g } ^^ 
the fine totalis to we cojine of the declimiifm^ j[oi4tk€ 
Jine of the hourrnpgk la thej^qfinf xof the ampUiude. 
-——We may likewife perceive tbaj, if the? (un*s 
declination and tirn^ OJ his rifing wirrc^ivcar.{6c 
latitude of the place would be^eafxty foynd ; fi^ee, 
in tlie right-anglctf tHaAgle STO., we (ho^i^ld kpow 
the hypochehule aiid"Mgle P.--^---*-W«'tni^c >lia 
find tbe jfuKiVidediliation froM^e fiour of 4i!$ 
ri&ig cnA tll6 iftltt«Mei^--^MMoreoVer, thiiTo^^j^ 
i&M may be apjAkMl^Q 4he*|jtfb^ dr ^ttii^^ or i 
f D d pUnec 






planet or ftar, providedjWe-know i« decUi^atiott 
and right afcenrion : for,^f4l)e fun's figbCiSfcen- 
fion be found tor tbeiaBte^y by inc:«ns"c^ his 
declination, the difference bbtween it^alKl 'tfaat of 
the ttar reduced into hdyrS^' tginutesTirid fecbnds, 
by the foregoinE;"^ablc, will Rive the lime th^t the 



■{fFfiVll; iii ■jl:jlij 1j;lij;;t.jqj-|D 3(|j ?b; uOiilOfi ^H] 

denMHbtlift 

^ adjacent 
.Dgarithmical 

^t1"i"ycI s'fcrjjijifi e'ri[j( ^rij diario^ 'o^ ii-s... >^/5l 

alsdj lo j'stdeT -.(jEii^jjKrn 'tij XfiJIni/; t-r:.: r.cr-- 

-lob . ■ ' .- £ & G' ' . 



.-.nl "tH°--9V ;i yd v|^^t:'Jt!i^6i hnuul -jd noil 
. -f,tu?fc! •s!iF4/t5ni ?rt°.3fi'n n ojni fm;;ir;T-:Blt tarlj 

■jd fu. J -[fifl £ 

It we conceive the urn to DC dfeprelTea 1 8° oelbw 
the horizon (as the crcpufcilUr circle is ufualjy 
fuppofed to be)^ «Be ferarZQ viU(>eaio8° ; then if 

angle, ^g,,a(ifj, 

the angle ZPS it 

etfitiaiOMtjfc tjlfin...,. . - -^. 

m-'-im' iigj>%JdiB ^,Vi%\s!(>iliaoriN»djlomtil 

■. - 'AicilViivii. I 3ifi 5iR f fMiUftSl, flanB lH) M 

In the performance of this "r°'*'^'"tnJK?£!®HS 
take care to correit the filn's attitude by rcS^- 
tion and parallax (if material),.-^ — Tables of thefe 



tronomy. ,etx:qinoD arb "io aoiiciiEV 3rl' ■jnirmaj 
m's 

%^ thutt Mt m mkuMifM tdaif^ 



makes with the meridian 45?iti3'^T". A 

■^ ,Y J .fiCJi a H roj^^ O O J 

316. From tfi»£o^eiitk>n tt?Vf^te'i^^ttf find 
the four cardiniil'^6ts':' fife^.W witilt^ifee! rc- 
prefenting«?he= v&hfer ^n mrtWe'^'^i^; an 

ridiateWafftwroaralbe^P ^^^o^zltk imm^^if' 

vidga <tKi «afeyte.-flHJ>v o^cfii - 

rHraftion5*iJKbe foimd l 
terinii^ft^lS(^*W»fe?!iWi? 3 

tion ffhieh" prevail incorrefpoiiding altitudes are 
' i^* ■>:■''■(> hereby 



armine the -variatiOD of the compaJs. ■x'not^oriiit; 

lePJtmibentr, maKes wtto it 

5l#toi9 i«is«i^l«fh(lftfi«fii>ub«%llirl(^« 
W&<<)ig eoixMiwIPZ, BG« iriift rixiln i^ 

^(lslmWi«t«lol4 bfcliftt3 3Pi',i»i«iatli«ij««« „ 
given in /"rtfciiyBUftlKvJiaowiBatei*'"" 



L O G AvRlDII H H IC319. L Y, 






1 ftjwK-oj'.steaHajaj'wy 

!5!:Li;iilB''3.'il>(raql3Tio-v ni litvaiq ibiil-» noil 
n=H . •■"- ■ 970S«IS.- 



318. This PJWSjem^'maJf «t^ *4f«naing the 
dedinatkia of any Wfcicil blaiie: -"We^'ftiiv like- 



'■*• 3S- 



ariJthtfidomnlflnfaBit iof .efetftmis (JtcJii^ti^f^; ihf 

t>llglii<P} iW giir(tJt|l«f>i.aiidIi;tilie>i{iael,2Fa^. .))J» 
Kti«lli:ftppqfcfla5>la (heiptccidjljgiFoaijfeinSBjtSv 
^ fiJN^ dinnnaMobras l8R't3<n'A«ii«bwijht<;{^t^w}c 
k: Sfi Ui' otn^nf oMqiim iity'Slt; -a rc ZS.j^lJ ° 
is i a*iulii that IM time b Hi minutes zff fictwra 

then, letting fall the perpendicular SR4r«m the 

Sjiiw sJajRwiii iii ft^ wrtiKtef'Bf'aStehu;™!* 

»nil^Etra>glc9f ffe'l. fi^.^W.hfU'm. ^i1li»i. 
4 to «4>?3W«l»&'iK»^JJ!lipwrfall'*li!r«, 

• ' «/■ 



cof. 11. H..yi '»/ Ttz' =^" ^^) ' fMiWf ^ ^ '• 

from when«^^»at«eiof. fhCiSdcSK iSfftl|!8i- 
f^M^l«W/«f fjiqaatjtujie Wat i^jl5*lSslj|WjEa5- 
duced. Sc^^il^^opeij^l^njat kngth. 

oiij ir«'.SfStV»5iM-'i^w'1h-M<m: aiilT .815 



wrlkU « ^^b'ibe'fidt p^'fil^ ^ tbemmuat of 

It is evidci#tiat,IUi khiJtriii^ gZS the fidej, 

FS, .iflf'isiTOtb tli««fiiil«, tin JnBiiBlmnobtailjtlie 
Hifd-PZj;jWjWolfc(!atoi)rtlra^il|irid»sTjihic8Sra()ft 

l^tkcimltKB'iinglSjSiaiiraKlj SKiji; p6tp«r^&»ftjr 
"it{^6tff*lfti''u»di(lcprfia)ffiaiii ainduwenlhalt geli *i^ 

>i " ■ I*. 



y.85s67» =:g./^.n'';: oV ^^-\*'* 

9.7301 jtf ^ /ag.fanf. a8° 14' 37" = RZ; ' -'^''^ 

»*. 9.944948 = '»^"/ 2»» 14' 37". >-X •■ 

9.501476 =i/»g-._/&. i8''30' o".., 

O.I00O49 ^ arith, rtmp. Itg.Jiit. 52° 3;' O*. 
'9-54^+73 = l*^- n/. R? = £9" >3' 37^. ^gy - 

then, fubtraftingiS? i4.'37" f™*" ^9" ^fil"* 
we flaU find the' we P?;?: the compIercftptW* ' 
the latitude tp bcj.x^'.'g'A wUchce tbe lw:«ttlt4^- 

S C H O L TU-M. ^ c-i^rrp .'i 
3ai. Fromwhaijjl(#fih.h^n^id itm^gj^eBIy- 
caUeOfd, £h#t:i^wy dirct; (^.tl^ie $x.t|M;iIic 
latitude, the fiii)> flubdje^, fci« ifeeiinat«fe, Wic 
houK-angl?^ .s.^ijCW^ i^^ an: 
at pleafuf^, tiwQtjitr cTirecJ 
kooipn l^ th(; njfcs.of Tri 
rcafon we hpp*^- tp be exc ' 

rizing all the di^i^nt cafe: 
cotnvinawom.. J . • '- ■ 

. j^Z' ■^^'- ^^"^^ fi"*^ iatitttde cf ajti»^vt 
en i iaJiU, lii'dffiinfiiien. i";: 

-^y^S O L U T I O N;. ■ ^''';';^.;":',iV:(:- 
Suppofedi* Icmgitudeof theftart6faeiI98'':;27i^■ 
»rid UsUtitude 31" 2' northerly rlrficn, it; iseCKbJ-' 
dent that, "ih the triapgle PKS, wc know.tlwfiKift' - 
FK = to the obliquity of the ccIipticiA: Jg^-idfei 
, . *&"% ihe fide KS equal to the comfdcnioiifi «f[ine3 
latitude ::= 58* 58, and the angle P^-BCjtonJw 
. Iottg^tiide.(H the ftar lefs 90°^; in onl^r<^^^^ 
, fide'P5jthecomplemei)tofthedin2Uiwii«lu«qiiirn£4 
. ^ Now to do this, let fall (as tlK.^gemfaty7*b|( fe^ 
^lique-angled triangles Taiuiitt»>jfipQi^^loi^<](^^ 
'fl^k^bwii ^ngIes,-S; a pcrptti^^dpv^Sftr u{^ 

•\»0-i .,-^-,.- .■,, '> , vmt:\!V. T.-.'ir-V.V" --i;*)^ 



he opfx>rite fidS? ftC^5j«fifclf idll ftH-witltout the 
angle S; bf^iQ^MC^^f^^e FKSis obtufe, snd give 
the arcKKioFtll^ part denoted hvfe^.t. and PK 
+ KR ohPlb iftfc /^. II.X fo will; j^ /^Jirg- K^ 
;= f ^-^-^^^gffi^:^^ , and a^ r.;/: PS of/;.. DS r^ 

^KiT ^ — .. 5ee the Logarithmual operation* 

l\>tJ^» = % rp/ PKS = io8° 27' o", 

'\6.2Z^t;\>=z log. tang, YLS-rz c8'^ s^' o"- 

.-. PR= 51* 13' II'. '^rh ?; \ . 
•/*3<i;?!9Wa4 zz l^. «/; PR. 

fioT^ o^tbefamja^jh^^i^^^^ the an^h made t^ rfWft^-* 
Sim ^4 ihe^circle of longitude p^jlfing tbftnf^ ihdrfthr. 

SO L u T I b #: / 

From the data^ it; will Ije. np. difficult matter to „. 
^ercdve^that inthe triangk PKS two fides, and their ^^^ ^ ' 
included angk are ftill known •,' klid Kkewife that 
the (laic's right- afcenfion will bb determined by iuW 
tradrin^ the angle KES from 2^6?. . Now, in or* 
^r to obtain tl»;vra2cie .of tHs r i*igi<f ^^ together with 
that of the atigk a»tter.ftar.:at ftfeefi^me time,- it; 
iiinii }jfc h(^€^f&ry vo wj^^ tl^ ana- 

logies irf Nepery -mdrihi^thtLtrSippcar to conduo* 
tb ihb tfnd mil be fekind^ hff^i^* UL to be thi^; * 

(Wt^ following : ' :: * • ^ -^ - " 

t^^As4beymof:bi^'ibe:f^^^ PK orf^' ^ ;. 

KS,- h i§' tint ef half shtr-d^ereHl^, -fo is the Mm^:^ - ' 
gmt ^f half ibeir inckded^ngU; PJtSv to the i^e^i ' * 

•^/"kfj ih€ cojm\^.h0^ithn^^^ of theft fide^ h'pskts 
4^e of hitif tUir differtnciyjo is tbi catim^enti of hatP 

E c ' ikeir 






«-5 



ancsm led) x<ISJ!CnM)a.4,sB)QnMlnnri;DHj 1o 
■'°Wff'Tlfc2«gll<ni*fWnBoHsmnfc*l«Jinll!i»iWtirf 

nom^. By their means the refpeAive pcfevltfF UMl 
£tuattoiu of tliV^ar^ arei afcenaSiea aiid deterr 

^•nieAMUetliiAiiU'ili aft tuetflkiTi^^wmn^ 
««i^i)Mn)n£t>ii3te£l|iut«kt«ii«;Ujl^ p^t^^j^g^ 

longitudes andiatittijtii't Ibeciufe. k hath been for 









of theirlranJMn^t&ejh^dljnOagby that means 

*» afiHSbq 5Vlfibql3, 3,1, 2„i3n, ,i,,I, g ^^ 



%• 3S- 



Vi* .1 ##4** * »i*A)ii a T 



,i''c^°?~mi4t(^iii> owl till) ^Ijs^isaifcjM* «Ji>3n-'> I 

to,*ndaaKi»ig(«lt«ft,fion. la ai(ier KrWhftff, wj 
fgif'i.y'^W'IWS't *gil«g)r4taM«tn»llwi>i)(tts8<5/. 



*3 !,S,Sf imfctBEHiiMia ^l)li.«v!il<*s33iq bi 






T R iie^*i» 6 8i*fe ■¥*. Y. ft'i 




br the hyiWllKfl^y s^rtsiri diftaittc oS.tti"veRlL-T);- s 
ticaS |i»c«irf.{.<JfifloK£ffiMlc"inHeiSPiWSiS.' ' ' ' 
fufi'df thc'<3i^*ilRi°W<dicir right nfcOifioM,: 
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V& •'fSFftMftfiBRyT: 



Tyg9¥§Mfi5?Y. iif 



Fit. V', 



9i6 . SFHERl CAL 

termbied ItkMife ; tad i^Uk & nmch th« greatdr 
rauufkncfs, as the^giinm ^Hfance fhall be meafured 
or pren tnth^die ^eiMr prcci&>n, Arid contra- 
rily, if the dtfi^imKe of the Icm^tudes and the 
^ttance 0f^t» Cities he given^ together with the 
Jbttitiide of ofie<of thdni» the latitude of the other 
City will be alio had : but we feldom make, ufe of 
this method, beCJMire there is an infinite variety of 
better nnttiiods for finding the latitude, as we may 
he readily cM^ili^ed from what hath been pre- 
rm\&y iaiil. 

SCHOLIUM/ 
J34. The pli0tei£r% Problems, containing nearly 
$ii tlie c§ikB 9I right or obl)^ue-angied fpherical 
triangles;» itre fijfficiem fpr pointing out the man- 
Iter of cSofmtmg thit Ntmerical folutians of the dif<- 
lerent PreWciBs <af Trigonometry, by means of 
the formulae demc^firated in the foregoing Chapr 
ters. Ill this Cha|>t^r we had nothing ^rther \n 
iriew^ then tbejipplication pf a few pertinent eaai^ 
pies to the Imgiriiilms 3 for which reafbn we hav^ 
omitted tiki»g:<»l|ice of the difierent modificatioii^ 
whereof ^c tli«^ ^ven might be fufccptiblci 
with refpc&to-fsiacallax, refradion, the aberration 
of light, iHTBUCation of the earth's axis, Thefc 
Theories can, properly fbeakirtg, belong Only to a, 
complete Treaiifc .of Aftronomy : and thei-efore,* 
we flatter omASires that it will be dj^emed enough 
idr us to ha(ve laid down methods in this Work of 
ffA^mg ^ firreral trigonometrical cafes, that may 
diiMtt to otxur m the ftudy of this icience ^ the 
difi^td^s wtereof will rife in proportion to that 
figor ami eaca&nefs, wherenrith we may be dcfiroui . 
of eakuhtsng the various fbsencmena therein con-^ 
fidered. 

FINIS. ' 



» • * 



^ f > f F (**. ;i m. 0^ ft^ 
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